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ABSTRACT

Author: Bilir, Cetin Kursat, J. PhD
Institution: Purdue University
Degree Received: May 2018
Title: Pre-service Teachers’ Understanding of Area Measurement of Rectangles
Major Professor: Dr. Signe Kastberg
Existing research has identified pre-service teachers’ (PTs’) difficulties with measuring the
area of rectangles and explaining their approaches to area measurement. Yet, little is known about
elementary PTs’ understandings of area measurement. Existing research has focused on childre n’s
understanding of area measurement in the context of rectangles and has identified mental processes
they use to construct area measurement. The study described in this report contributes to and
extends this literature by exploring elementary PTs’ understandings of area measurement in the
context of rectangles. Clinical interview methodology was used to investigate four PTs’ mental
processes used in area measurement tasks. Study participants engaged in a 45-minute explanatory
interview during which they solved area measurement tasks, including finding areas of rectangles
with whole and non-whole number side lengths. Retrospective analysis of interview transcripts
was conducted using Battista’s framework to identify mental processes used by PTs. While PTs
correctly measured the area of rectangles with whole number side lengths, their approaches
included identifying side lengths by counting units of area rather than units of length. This
approach caused significant difficulties for PTs as they tried to find the area of rectangles with
non-whole number side lengths (e.g. length of 0.1 cm). Findings include descriptions of the mental
processes used by PTs to find the area of rectangles and are used to describe understanding needed
to address measurement of area of rectangles with whole and non-whole number side lengths.
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CHAPTER 1. INTRODUCTION

The National Council of Teachers of Mathematics (NCTM; 1989, 2000) has recommended
that school mathematics curricula at all levels include geometry and measurement. The concept of
area is central to the study of geometry and measurement, and the Common Core State Standards
for Mathematics (CCSSM; 2010) have emphasized the importance of learning area measureme nt.
Area measurement is commonly used in everyday life and is the basis for models employed by
both teachers and textbooks for the explanation of computational procedures (Hirstein, Lamb, &
Osborne, 1978; Woodward & Byrd, 1983). Area also serves as a model for teaching the
multiplication of fractions and composite numbers (Hirstein et al., 1978). Moreover, understanding
the measurement of the size of physical entities enables students to connect the abstract world of
numbers with the concrete world of objects (Hilbert, 1981). In short, area measurement has been
a strongly recommended competency in mathematics education.
Despite the significance of area measurement in mathematics education, researchers are
concerned about mathematics teachers’ understandings of area measurement. Previous studies on
area measurement have predominantly focused on student’s understanding of the concept and
concluded that teachers played a significant role in their student’s understanding (Battista, 1982;
Battista, 2004; Curry & Outhred, 2005; Hilbert, 1981; Hirstein, Lamb, & Osborne, 1978; Kamii
& Kysh, 2006; Outhred & Mitchelmore, 2000). These studies have discussed why students
experience difficulties with area, such as locating the unit squares of the rectangles and explaining
how the rectangle area formula was developed. These studies recommended an investigation of
pre-service teachers’ (PTs’) understandings of area measurement. Previous research speculates
that limitations in teachers’ understanding of area measurement makes it difficult for them to

2
explain the concept to their students (Kamii & Kysh, 2006; Lehrer, Jacobson, Thoyre, Kemeny,
Strom, Horvath, Gance, & Kohler, 1998; Stephan & Clements, 2003; Zacharos, 2006).
Researchers have studied different aspects of PTs’ area measurement: area unit
understanding, understanding the relations between perimeter and area (e.g., Rickard, 1996),
understanding of multiplicative relationships (e.g., Simon & Blume, 1994), subject matter
knowledge of area measurement (e.g., Baturo & Nason, 1996), and the connection between the
knowledge and teaching of area measurement (e.g., Murphy, 2012). Findings of these studies
identified challenges related to the understanding including the relationships between linear and
area measurement, the nature of unit of measurement, and the explanation of area formula. While
these studies described PTs’ difficulties with area measurement, they did not identify mental
processes PTs’ used in area measurement.
Researchers (e.g., Davis, 1992; Hiebert & Carpenter, 1992; Skemp, 1979, 2006) have
agreed that understanding occurs in the mind, and, further that students create and organize mental
structures to make sense of mathematical situations. They also emphasized the use of external
representations to hypothesize the mental process of learners. These scholars vary in their
particular theories of understanding. I define understanding according to Davis (1992), Hiebert
and Carpenter (1992), and Skemp (1979, 2006) as the mental processes used to construct mental
structures. Accordingly, the framework which I chose for the study must analyze PTs’ problem
solving in order to identify their mental processes.
To identify mental processes, I used Battista’s (2004) levels of sophistication framework,
which was created via the analysis of students’ mental processes for solving the area measureme nts
of rectangles. I used the framework because no other options exist that identify PTs’ mental
processes for area measurement. The suitability of this framework for the current study is perhaps
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enhanced by the fact that students and PTs tend to employ similar problem-solving strategies
(Kospentaris et al., 2011) in their efforts to explore the area measurements of given figures. Since
studies exploring adult understanding of area measurement are sparse, Battista’s framework
provides the most appropriate option.
Battista’s (2004) framework focused on students’ spatial structuring. Spatial structuring is
seeing a whole in terms of its components. Battista tasked students with finding the number of
units they needed to cover given rectangles by placing the units on the rectangles. The researchers
also focused on two additional mental processes—units- locating and organizing-by-composites—
to further explore the nature of the students’ understandings of area as a concept. Units-locating
was defined as locating unit squares by coordinating them in rows or columns to construct arrays
(Battista, 2004; p. 192). Organizing-by-composites was defined as “a process [that] combines an
array’s basic spatial units (squares or cubes) into more complicated composite units that can be
repeated or iterated to generate the whole array” (Battista, 2004; p. 192). The details of these
processes are provided in the following chapter.
In conclusion, additional research on PTs’ understanding of area measurement is needed
in mathematics education.

The current literature has described various difficulties and

improvements in understanding of area measurement, but the identification of these mental
processes remained unexplored. This study was designed to address this gap in the mathema tics
education literature by developing a description of PTs’ understanding of area measurements and
extending Battista’s (2004) levels of sophistication framework.
Statement of the Problem
Because existing research (Baturo & Nason, 1996; Dorko & Speer, 2015; Simon & Blume,
1994; Murphy, 2012; Rickard, 1996) has identified and described PTs' difficulties in finding and
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explaining approaches to finding area measurement, there is a need to gain insight into the mental
processes PTs use in area measurement. In relation to this need, Battista’s (2004) levels of
sophistication include two mental processes used in area measurement: units-locating and
organizing-by-composites. I hypothesized that units-locating and organizing-by-compos ites
mental processes are involved in PTs’ understanding. Further, I studied how PTs use these mental
processes to determine the area measurements of rectangles.
I examined PTs’ understandings of the area measurement of rectangles with whole numb er
and non-whole number side lengths. Decimals comprise a significant topic in mathema tics
curriculum (CCSSM, 2010), and I wondered how different number types (i.e., non-whole numbers
vs. whole numbers) affect PTs’ understandings of the same figure’s area measurement. I
hypothesized that using different number types would reveal PTs’ challenges with regard to using
mental processes for the area measurements of rectangles. These challenges may otherwise be
difficult to observe in scenarios involving whole numbers due to PTs’ familiarity or competency
with whole numbers. I explored PTs’ use of mental processes with whole number side lengths in
order to secure a baseline to assess and discuss the mental processes PTs employ when working
with non-whole number side lengths. The research question investigated in this study is as follows :
How do PTs understand the measurement of the area of rectangles with whole number side
lengths and non-whole number side lengths?
Significance of the Study
Both research and national standards (e.g., Hirstein, Lamb, & Osborne, 1978; CCSSM,
2010) have emphasized the importance of the concept of area in mathematics and the teacher’s
role in students’ understandings of the concept (e.g., Manizade & Mason, 2014). Researchers (e.g.,
Menon, 1998; Woodward & Byrd, 1983) contended that teachers’ understandings of the concept

5
of area is a significant factor in their ability to teach the concept effectively. Little is known about
teachers’ understanding of the concept of area measurement. To help fill this gap, this research
describes teachers’ understanding of area measurement and makes at least two contributions to the
field: It (1) extends Battista’s (2004) levels of sophistication conceptual framework to decimals;
and (2) illustrates how PTs use the mental processes identified by Battista to measure the area of
a rectangle.
Although previous studies (e.g., Baturo & Nason, 1996; Dorko & Speer, 2015; Simon &
Blume, 1994; Murphy, 2012; Rickard, 1996) examined PTs’ knowledge of the concept of area
measurement, the present study seeks to address PTs’ understanding the concept of area
measurement by extending Battista’s (2004) conceptual framework to rectangles with non-wholenumber side lengths.
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CHAPTER 2. LITERATURE REVIEW

The purpose of the study was to document PTs’ understanding of the area measurement of
rectangles with whole and non-whole number side lengths. In this chapter, I present an overview
of the literature related to this research. I first discuss the theory of understanding to provide a
perspective for conceptualizing what understanding is and how it occurs, and how this
conceptualization guided this study. Then, I provide an overview of the concept of area
measurement. I discuss the difficulties students have experienced with the concept, the conceptual
framework of area measurement, and PTs’ understanding of area measurement . Discussing
students’ difficulties helps me to explain how Battista (2004) created the framework adopted in
this study. In addition, similarities between PTs’ and students’ difficulties help me to hypothesize
about PTs’ understanding based on Battista’s framework. Lastly, I explain PTs’ understanding of
decimals and its significance to this study. The second part of the research question relates to
measuring areas of rectangles with non-whole numbers side lengths. Discussing the importance of
decimals and PTs’ understanding of decimals leads to a discussion Battista’s framework for
rectangles with non-whole number side lengths.
Understanding
In order to identify components of understanding relevant to my study design, I analyzed
constructs proposed by Davis (1992), Hiebert and Carpenter (1992), and Skemp (1979, 2006). I
selected Hiebert and Carpenter’s ideas as the baseline of my view of understanding to be applied
to my study design, and data analysis. In this section on understanding, I discuss how Hiebert and
Carpenter’s (1992) definition and structure of understanding encompass the other theorists’ views.
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Hiebert and Carpenter (1992) constructed their theory of understanding within the domain
of cognitive science. The authors focused on mental representations as they assumed that a learner
represents knowledge internally. Accordingly, conceptualizing the way a learner structures her/his
internal representation helped the authors theorize understanding itself. This idea aligns with
Davis’ (1992) jig-saw metaphor of fitting in the right puzzle piece by making sense of the entire
puzzle. Davis stated that understanding occurs if we can fit a new idea into an existing
configuration of current ideas. In addition, Hiebert and Carpenter’s and Davis’ ideas are consistent
with Skemp’s (1979) view of mental processes as the backbone of understanding. According to
Skemp, if a new idea connects with the existing mental representation, then understanding occurs.
He identified different types of understanding based on differences in mental processes.
Based on my analysis of these theories of understanding, I infer that understanding is a
process of making connections among internal representations. For Hiebert and Carpenter (1992),
the degree of understanding is measured by the number of connections between mental
representations. That aligns with Skemp’s (1979, 2006) idea of two types of understand ing:
instrumental and relational. According to Skemp (1979, 2006), students who use instrume nta l
understanding can solve a given problem by using the right procedures without reasoning. This
understanding is fostered when educators focus only on the goal of the right answer. Students with
relational understanding, on the other hand, can explain their reasoning for using particular
procedures. Thus, while instrumental understanding allows students to quickly arrive at the right
answer, relational understanding helps them to comprehend and explain their reasoning and
analytical processes, as well as identify different pathways to the correct results. Teachers who
promote relational understanding help students develop higher-order thinking. Learners who are
proficient in relational understanding can relate the results of their mental processing to other
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problem-solving situations. This view is consistent with Hiebert and Carpenter’s idea. According
to them, mental processes for instrumental understanding would be not as connected to a broad
conceptual network as the mental processes associated with relational understanding. In addition,
Hiebert and Carpenter argued for the importance of both instrumental and relational understanding,
asserting that these two understanding types are inextricable, not oppositional, and the learner
needs a balance between them.
Hiebert and Carpenter (1992) stated that internal representations are utilized by the mind
to interpret mathematical ideas or facts. The authors further proposed two assumptions from
cognitive science regarding internal representations. The first assumption is that there are
relationships between external representations (language, written symbols, and physical objects)
and internal representations. For instance, a learner can represent whole numbers with language,
base-10 blocks, and symbols. By focusing on these external representations, the learner can
identify their differences and similarities, which might help the learner build external and interna l
connections. The second assumption is that there are connections among internal representatio ns.
These representations affect each other, and the external representations affect the connections
made among internal representations.
Connections among internal representations produce networks of knowledge, and there are
two network structures: vertical hierarchies and webs (Hiebert & Carpenter, 1992). Vertical
hierarchy structures are comprised of representation levels, which include more general
representations. Web structures feature multi-directional relationships among the elements of the
represented information, similar to a spider’s web. Hiebert and Carpenter argued that these two
networks types can be mixed, and hierarchies can be thought of as webs.

9
Hiebert and Carpenter (1992) emphasized the importance of focusing on the structuring
process to help build students’ understanding. They contended that mental structures gradually
grow by building relationships between new information and existing networks or previously
disconnected information. Focusing on these similarities and differences facilitates the foundatio n
of new cognitive relationships. Network organization and size determine students’ growth in
understanding.
Hiebert and Carpenter (1992) discussed such growth in terms of the reorganization of
current networks, claiming that “reorganizations are manifested both as new insights, local or
global, and as temporary confusions” (p. 69). They stated that the quality of the reorganiza tio n
determines the degree of increase in understanding. For example, Hiebert and Carpenter examined
a first-year algebra student’s understanding of the equal sign. Until the student observed that the
sign of any number changes when it is moved to the other side of the equation, s/he believed that
the equal sign meant that what was on the left side of the equal sign determined the answer on the
right side, which indicated that the student had a limited internal representation of the equal sign.
Hiebert and Carpenter suggested that as the student related observations concerning equal signs,
s/he constructed new representations of the equal sign by reorganizing networks in his/her mind.
These interwoven networks determine the quality of cognitive reorganization. In short, according
Hiebert and Carpenter, if a mental representation of a mathematical idea or fact is part of a wellstructured network of internal representations, understanding occurs and grows.
Based on the ideas of Davis (1992), Hiebert and Carpenter (1992), and Skemp (1979,
2006), I describe understanding as the process by which an individual’s internal representatio ns
are structured. Although the terminology used by these scholars varies (e.g., Skemp used the term
“schema” rather than Hiebert and Carpenter’s “mental structure”), each scholar identified mental
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representation and the development of connections between new and existing structures as
components of understanding. These authors also emphasized the difficulty of gathering evidence
of internal representations and connections. Based on the connection between external and interna l
representations, they concluded that students’ understanding could be examined by observing their
performance on carefully-structured tasks and interviewing them about their performance (Hiebert
and Carpenter, 1992).
The Concept of Area
In this section, I will discuss previous research on the concept of area measurement and
learners’ understanding of it. If understanding is a process of making connections between mental
representations, then the understanding of area measurement can be considered as a process of
making connections between mental representations of the components of area measureme nt.
Although the number of studies on the concept of area has increased in recent years, most of this
research has focused on young learners rather than PTs. Of those studies that examined PTs, most
investigated their subject knowledge, rather than the detailed structure of PTs’ understanding.
Previous studies (e.g. Baturo & Nason, 1996; Menon, 1998) did not describe PTs’ mental
processes used for area measurement. To investigate PTs’ mental processes for the area
measurement of rectangles, I draw from the available research on the development of younger
learners’ understanding of the concept of area measurement. I hypothesize that the framework
based on findings from this research can be productive for examining PTs’ understanding area
measurement.
I first discuss the difficulties students experienced with area measurement, the strategies
students used to address those difficulties, and Battista’s (2004) level of sophistication framework.
Specifically, I explain the framework, define the corresponding mental processes relevant to this
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study, and discuss how students use these processes. In the second section, I discuss PTs’
understanding of the concept of area measurement. To accomplish this goal, I discuss how
students’ development of the concept of area relates to PTs’ development. I note the similarities
and differences between students’ and PTs’ difficulties with area measurement and notation as
relevant to PTs’ understanding of the area measurement of rectangles.
Students’ Understanding of The Concept of Area and Its Measurement
The current literature has revealed students’ difficulties with area measurement (Battista,
1982; Baturo & Nason, 1996; Hirstein, Lamb, & Osborne, 1978; Huang & Witz, 2011; Outhred &
Mitchelmore, 2000; Pitta-Pantazi & Christou, 2009; Zacharos, 2006). Students commonly struggle
to define area, relate linear measurement with area measurement, understandings units, and
develop conservation of area.
When asked to define area, students often replied with a formula: area equals “length times
width” (Battista, 1982, p. 362). The same students struggled when asked to explain how the
formula was constructed. In order to explain the construction of the area formula, students need to
relate units of length and units of area (Baturo & Nason, 1996; Simon & Blume, 1994). However,
students may not have insight into why linear measurement is used to determine area (Battista,
1982).
Another common difficulty among students was their misunderstandings of the nature of
units. Students tended to consider units as discrete, fixed, and whole (Hilbert, 1981; Hirstein,
Lamb, & Osborne, 1978; Kamii & Kysh, 2006). This perception may have caused problems when
they were partitioning units of measurement, because partitioning has been shown to be a critical
mental process. For instance, Hirstein, Lamb, and Osborne (1978) illustrated the significance of
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units of measurement of area. They provided students with display figures and asked them to
arrange a comparison strip based on the display figures (see Figure 1).

Figure 1. Figures presented was asked by Hirstein, Lamb, and Osborne (1978, p. 12).
The students were asked to draw a line on the given strip to create a figure with the same
area as the rectangle. To create such a figure, students needed to consider partial units of area.
However, because they thought of units as fixed wholes, they failed. Considering units as
partitionable is central in understanding area.
Students also had difficulty with the principle of the conservation of area. The idea that
when a given shape is partitioned and reconstructed into a new shape the area measureme nt
remains the same. For example, a square with one-inch sides can be partitioned to create a triangle
with the same area (one square inch) (Kordaki & Potari, 1998). Students needed to fully
comprehend this principle in order to understand area measurement (Kordaki & Balomenou,
2006).
While the research citied in this section illustrates students’ difficulties with the
components of area measurement, the source of these difficulties and the mental processes used in
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area measurement needed to be explored. Battista and his colleagues under took this work. I
describe findings from these studies in the next section.
Description of Understanding the Concept of Area Measurement
Mental Processes Involved in Developing Understanding of Area
Learners construct mental structures that help them to analyze, understand, communicate,
and manage their interactions with their surrounding environment, including other people and
objects (Hiebert & Carpenter, 1992). Researchers have identified the significance of the mental
processes that empower learners to build mental structures to develop an understanding of area.
For example, understanding how students “meaningfully enumerate square arrays” is fundame nta l
to determining how they develop the concept of area measurement (Battista, 2004; p. 191).
Clements, Battista, Sarama, and Swaminathan (1997) researched the development of
students’ spatial thinking during a unit on geometric motions and area. They found that using unit
and unit of unit thinking plays an important role in students’ efforts to solve both numerical and
spatial problems. Kamii and Kysh (2006) further identified fourth to eighth grade students’ failure
to use a square as the unit of measurement in area measurement. Their tasks involved measuring
and comparing the area of the given rectangles. In addition, the students were asked the questions
in Figure 1. The researchers argued that in order to solve area problems, students should be
encouraged to be mentally active beginning in kindergarten. Kamii and Kysh recommendation of
the use of a square as a unit to measure area emphasized the importance of units and units-of-units
thinking to develop students’ spatial thinking. These studies, as well as Battista et al. (1998) and
Outhred and Mitchelmore (2000), focused on the spatial structuring of 2D square arrays as a way
to identify students’ difficulties in understanding area.
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The early work of Battista (1999), Battista et al. (1998), Clements et al. (1997), and Outhred
and Mitchelmore (2000) focused on using spatial structuring to explain the development process.
Battista (2004) later identified four distinct mental processes for the development of the concept
of area measurement: spatial structuring, forming mental models, units-locating, and organizingby-composites. I now explain meaning of the mental processes. Spatial structuring was explained
by Battista et al. (1998) as follows:
Spatial structuring is the mental operation of constructing an organization or form of an
object or set of objects. Spatially structuring an object determines its nature or shape by
identifying its spatial components, combining components into spatial composites, and
establishing interrelationships between and among components and composites. (p. 503504)
According to Battista (2004), spatial structuring is a “process of abstraction” (p. 192), during which
one internalizes an item such as a unit or action such as partitioning in order to use it in a new
situation. Spatial structuring enables students to locate units within a rectangular shape. Therefore,
examining the relationships between students’ spatial structuring and enumeration of twodimensional rectangular arrays is necessary to understand students’ development of the concept of
area.
In 2004, Battista defined three additional mental processes which help to “explain students’
thinking: forming and using mental models, units-locating, and organizing-by-composites” (p.
191). These are briefly explained below.
“The forming and using mental models process” (Battista, 2004; p. 191) involves creating
and using imagistic mental processes. For instance, if someone is given directions without being
provided a map, one might visualize that route mentally. People who can do this are using imagis tic
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mental processes. “The units-locating process” refers to correctly locating units by their
coordination (Battista, 2004; p.193). For example, a student can determine that the location of Y
in Figure 2 is in the third row and fifth column, or in the fifth unit to the right and the third unit
down.

Figure 2. An example of the units-locating mental process (Battista, 2004, p. 191).
“The organizing-by-composites process involves the ability to combine basic spatial units
of an array into more complicated composite units” (Battista 2004, p.192). In this process, students
can vertically (or horizontally) iterate the squares of a row to produce columns (for example see
Figure 3).

Figure 3. An example of the organizing-by-composites mental process (Battista, 2004,
p.191).
Battista (2004) asserted that students used all four cognitive processes in development of their
understanding of the concept of area.
Studies (Reynolds & Wheatley, 1996; Woodward, 1983) have suggested that in order to
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identify students’ development of the concept of area, the students should first be asked to cover a
given shape with congruent sub-units as a measure of area. Accordingly, Battista (2004) used two
task types to identify the mental processes used by students. First, the students were asked to find
the area when the square array spatial units were perceptually available. Second, the students were
asked to find the area when “not all the units in the array were perceptually available” (Battista,
2004; p, 192). These rectangular array tasks were used to determine students’ levels of
understanding for the concept of area. The same task types were used in this study to explore PTs’
mental processes for area measurement. In the following section I provide an in-depth explanatio n
of ways students operated in such tasks. Battista (2004) referred to these approach as the “levels
of sophistication” (p.192) in students’ development of understanding.
Levels of Sophistication in Students’ Row-by-Column Structuring
Researchers (e.g. Battista, 2004; Battista & Clements, 1996; Battista, Clements, Arnoff,
Battista, & Borrow, 1998; van Hiele, 1986) have proposed that learners’ reasoning and their
development of concepts can be examined in terms of levels. Battista (2004) emphasized that
levels of each mental process are used in array tasks. Battista (1999) and Battista et al. (1998)
defined three levels in the development of row-by-column structuring:


Level 1: “Complete lack of Row or Column Structuring” (p. 508);



Level 2: “Partial Row or Column Structuring” (p. 510);



Level 3A: “Structuring an array as a set of row or column composites” (p. 511);



Level 3B: “Visual row or column iteration” (p. 512); and



Level 3C: “Row-by-Column structuring in which the iterative process is
interiorized.” (p. 515)

Battista (1999) and Battista et al. (1998) created the levels by focusing on students’ spatial
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structuring. These levels were a foundation for Battista’s (2004) reinterpretation of all the studies.
He unpacked spatial structuring and identified two new mental processes, which are units-loca ting
and organizing-by-composites. He then reformed the framework to include seven levels of
sophistication. The final version of Battista’s levels of sophistication is my focus in a subsequent
section, so I will not discuss the three levels in detail here.
Outhred and Mitchelmore (2000) also emphasized the importance of row-by-column
structuring in students’ development of the concept of area. However, their aims and methods were
different. Outhred and Mitchelmore’s focused on students’ strategies, while Battista and his
colleagues’ (1998, 2004) examined students’ mental processes. Outhred and Mitchelmore
examined students’ strategies for completing area tasks that involved predicting the interior unit
structure of different rectangles. Then, they investigated whether it was possible to create
sequential development levels by examining students’ strategy use. They provided three
measurement tasks, designated as M1, M2, and M3. In task M1, students were provided a
moveable unit (a 2 cm2 cardboard) to cover an 8 cm2 drawn on paper. In task M2, students were
provided an immoveable unit square and asked to cover a 6 cm by 5 cm rectangle with the unit
square. In task M3, students were not given the rectangle and the unit. They were asked to cover
an 8 cm by 10 cm rectangle with 2 cm2 .
For task M1, Outhred and Mitchelmore (2000) identified four strategies : “incomp lete
covering, visual covering, concrete covering, and measurement” (p. 149). For task M2, they
identified five strategies: “incomplete covering, inadequate array, array estimation, measurement
of one dimension, and measurement of both dimensions” (p. 152). For task M3, they identified
four strategies: “array estimation, measurement of one dimension, array drawn or implied, and
array calculated” (p. 156). These ten strategies are defined as follows.
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Incomplete Covering: Students cannot cover the given “square without gaps or

1.

overlapping” (p. 150). These students placed the units unsystematically.
2. Visual Covering: Students covered the square with the given units, but the size of the unit
varied. They visually estimated the size of the unit.
3. Concrete Covering: Students systematically moved the given unit to cover the square.
4. Measurement: Students drew units for both sides of the square. They did not need to draw
all units.
5. Inadequate array: The given units were used to completely cover the rectangle, but the
units were not correctly fitted into the array structure.
6. Array estimation: Students constructed an array, but they did not have a trusted method to
decide the unit size.
7. Measurement of one dimension: Students used a ruler to “measure one side of the rectangle
and estimated another side” (p.155).
8. Measurement of both dimensions: Students measured both sides of the rectangle.
9. Array drawn or implied: “Nearly half the children marked off lengths on adjacent sides of
the rectangle; many of these drew complete arrays” (p. 156).
10. Array calculated: Almost half of the students “calculated the number of unit squares
without marking the sides of their rectangles” (p. 157).
Outhred and Mitchelmore (2000) “classified students’ strategies into five developmenta l
levels” (p. 157) to characterize their understanding of rectangular area measurement: “incomp lete
covering, primary covering, array covering (constructed from units), array covering (constructed
by measurement), and array implied (solution by calculation)” (p. 157-158). These are defined as
follows:
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Level 0 – Incomplete covering: The given rectangle cannot be covered without overlapping
or gaps at this level. Some students drew the edges of the rectangle without focusing on
the interior of the rectangle.



Level 1 - Primitive covering: This level includes visual covering and inadequate array
strategies. Students covered the rectangle; however, “their organization was unsystema tic ”
(p. 157).



Level 2 - Array covering, constructed from units: This level featured concrete covering,
array estimation, measurement of one dimension, measurement of both dimensions, and
array calculating strategies. Students could correctly construct an array structure, but “the
size of each unit [was] determined from the given unit without being related to the
dimensions of the rectangle” (p.158). At this level, students did not construct the array by
iterating rows.



Level 3 – Array covering, constructed by measurement (p.158): Students measured and
drew the number of units in each direction. Measurement, array drawn or implied, and
measurement of both dimensions were the strategies included at this level. Students
employed row iteration as well.



Level 4 – Array implied, solution by calculation (p.158): At this level, students used
measurement, measurement of both dimensions, and array calculating strategies. Students
used multiplication to find the number of units without drawing. They learned procedures
and developed some operational sophistication, which indicated their knowledge of the
area formula. Students know what area formula is for rectangles and the numbers in
formula determine the lengths of sides of rectangles.

Outhred and Mitchelmore (2000) stated that each level was more sophisticated than the previous
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level. There was no noticeable strategy at level 0. Referring to Batista and Clements (1996), they
described Levels 1 and 2 as local rather than global. For example, these students iterated rows but
did not have a global schema for array coordination. Students generalized and coordinated
structures, but they still had pictorial schemes at level 3. At level 4, students had symbolic schemes.
While both studies demonstrated the increasing sophistication of the levels, Battista ’s
(2004) use of mental processes more effectively explicated the development process. Outhred and
Mitchelmore (2000) focused instead on describing the categories of student work and hypothesized
the unit structures that students may have used. Accordingly, Outhred and Mitchelmore’s work is
subsumed by Battista’s theory. Because I examined PTs’ understanding of area measureme nt,
which I defined in terms of mental processes based on the current literature, I used Battista’s (2004)
conceptual framework. I describe Battista’s levels of mental processes in the discussion that
follows.


Level 1: “Absence of units-locating and organizing-by-composites processes” (p. 193).
This level demonstrates that students could not compose rows or columns by using units.
For example, a student was given a 7×3-inch rectangle (as shown in Figure 4) and “asked
to predict the number of squares needed to completely cover the rectangle ” (p. 194).
However, she could not cover the given shape correctly. At this level, students did not
understand units and the importance of locating units.
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Figure 4. 7×3 rectangle used by students (Battista, 2004, p. 193).


Level 2. “Beginning use of the unit-locating and the organizing-by-composites processes”
(p. 195). At this level, students started to coordinate spatial information. One student was
shown a rectangle (as shown in Figure 5) and “asked to predict the number of squares
needed to completely cover the rectangle” (p. 195). The student counted the bottom units
and understood that the number of units of area across the top and bottom of the shape
would be equal. However, his incorrect location of the interior squares revealed that he still
had problems with units-locating (Battista, 2004; 1999).

Figure 5. Rectangle used by students (Battista, 2004, p. 195).


Level 3. “Units-locating process becomes sufficiently coordinated to recognize and
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eliminate double-counting errors” (p.196). “A major advance in thinking occurs when
students reach this level” (p. 196). For example, when given a 6×4 rectangle (as shown in
Figure 6), a student located and drew in all squares correctly. When the student counted
the number of squares, he first counted the six squares in the left and right columns. Then,
he counted the top and bottom rows and found four squares in each. Then, the student
realized that each corner square belonged to both a row and column. This led him to
subtract the corner squares he had counted for twice (Battista, 2004, 1999).

Figure 6. 6x4 rectangle used by students (Battista, 2004, p. 196).


Level 4. “Use of organizing-by-composites process to structure an array with maximal
composites, but insufficient coordination for iteration” (p. 197). At this level, students
created “powerful and efficient mental models of the arrays” (p.197). They created and
vertically “iterated a row of squares to form columns and produce the entire array” (p.197).
However, a lack of row and column coordination may have resulted in the insuffic ie nt
imaging of the row location, which may have resulted in miscounting the number of units.



Level 5. “Use of units-locating process sufficient to correctly locate all units, but less-thanmaximal composites employed” (p. 198). “This is the first level at which students correctly
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located all squares using the units-locating process” (p.198). Students “organized the array
as the composites of two squares” (p.198) (see Figure 7); for example, the squares were
coupled and used to show that pairs cover the rectangle. These pairs could then be counted
to find the area. This approach produced the correct answer; however, in this case the
composites were not optimal because the student was not yet thinking of the array in terms
of a row-by-column structure.

Figure 7. 4×5 rectangle and student’s method of solving the problem (Battista, 2004, p.
199).


Level 6. “Complete development and coordination of both the units-locating and
organizing-by-composites processes. Students’ mental models were fully engaged in rowby-column structuring. Thus, they reflected on and enumerated an array without perceptual
or concrete materials” (Battista, 2004, p. 199).



Level 7. Ability to reason and analyze situations abstractly. According to Battista (2004),
“students’ spatial structuring and enumeration schemes become sufficiently abstract so that
students can: (a) understand the connection between numerical procedures and spat ial
structuring, and (b) generalize their reasoning to ‘packages’” (p. 200). Therefore, their
understanding of relationships between the spatial structuring and enumeration strategies
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has matured. For example, students at this level understand how and why length multip lied
by width calculates the total number of squares in a rectangle. Further, they can
demonstrate that this is true using an arbitrary rectangle.
Transitions Between Levels
According to Battista et al. (1998), students need to advance through three structuring
processes to reach the highest levels of sophistication for area measurement. These are moving
from one-dimensional (1D) to two-dimensional (2D) local structuring, moving from local to global
structuring, and moving to row-by-column structuring. Cobb and Steffe (1983) stated that
organizing items is a necessary precursor to correctly counting them. Battista et al. (1998) inferred
that students who have problems fitting units into a 2D space might have just 1D structuring
proficiency. Some students organized units by focusing on a small set of units such as an array
across top or bottom. These students had problems with iterating rows or columns to construct
arrays, a requirement of global structuring. Battista and Clements (1996) called this 2D local
structuring. To progress to a higher level of sophistication, students needed to move from 2D local
to 2D global structuring. This involves row-by-column structuring. Transitions between each of
these three levels are discussed in the following section.
Moving from One-Dimensional to Two-Dimensional Local Structuring (Battista et al.,
1998; p.518)
A common problem with 2D-array enumeration is that students may still have a 1D rather
than 2D counting structure (Battista, 1982, 2004; Battista et al., 1998). For example, Battista et al.
(1998) showed a rectangle to a student and asked how many squares were needed to cover the
rectangle. The student drew squares and counted them by writing numbers inside each, “clockwise
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around the perimeter and then filling in the middle” (p. 519). Since the student had a 1D structure,
s/he double counted some squares. Realizing that the answer was not correct, the student stepped
back to examine the shape again. Then the student decomposed the paths into the rectangle and
attempted to create a new structure according to 2D space.
Moving from Local to Global Structuring (Battista et al., 1998; p.520)
In their first steps of development, students generally have partial row-column structuring.
For example, students created a row (top or bottom of the given shape) or column (left or right of
the given shape) by using unit squares. Thus, they “organized one part of the array” (p. 520), but
did not produce the whole array using the row or column they created. Then students realized that
their covering was problematic and their answer was incorrect. They typically missed the interior
squares. After arranging the unit squares, they first realized that the bottom and top rows (and later
that all the rows) had an equal number of squares. Thus, the coordinating process guided the
students to progress from local to global structuring (Battista et al., 1998).
Row-by-Column Structuring (Battista et al., 1998; p.525)
This was the highest level of students’ sophistication in structuring 2D rectangular arrays.
At this level, students iterated a row (or column) as a composite unit to create a whole array. In
addition, the relation between row and column and their role in measuring the number of square
units was clear to the student at this level. Understanding row-by-column structuring helps students
make sense of area formulas (Battista et al., 1998).
In order to gain insight into students’ understanding of the concept of area, we must
identify the mental process used by the student. In addition, research to date has shown that tasks,
and students’ corresponding actions (motor or perceptual), play significant roles in the
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development of their concept of area (Battista et al., 1998). Battista (2004) used two tasks types in
his research, one in which “all units were perceptually available” (p. 192) and another in which
“not all units were perceptually available” (p. 193). These tasks not only revealed which mental
processes students used, but also revealed students’ “levels of abstraction” (p. 192) for their mental
processes. Acknowledging problems, recognizing incorrect answers, and encountering challenges
led to the progression of students’ spatial structuring (Battista, et al., 1998). In the next section I
reference research on students’ development of the concept of area to create my hypotheses about
PTs’ understanding of the concept of area measurement.
Prospective Mathematics Teachers’ Understanding of the Concept of Area
Teachers’ understanding of the concept of area is significant emphasized in the literature
as significant to their students’ learning of the concept of area measurement (Rickard, 1996). Van
Hiele (1984) emphasized the significance of instruction and pointed out that students can apply
what they have learned in an environment designed to support their understanding; however, they
cannot use their knowledge in a new domain that (for them) remains unstructured. Moreover, the
existing literature on students’ difficulties with area measurement indicates that they are taught the
concept is challenging as a result of their teachers’ lack of robust understanding of area
measurement (Kamii & Kysh, 2006; Lehrer, et al., 1998; Stephan & Clements, 2003; Zacharos,
2006). A close examination of teachers’ processes in developing their own understanding of
specific topics is therefore necessary to construct a comprehensive understanding of their
preparation to teach (Evans, 2002; Keiny, 1994). Specifically focusing on PTs’ activities while
solving problems involving locating units, is imperative to classify their understanding of area
measurement (Chamberlin & Candelaria, 2014) and determine their difficulties. Few studies have
investigated PTs’ understanding of area measurement. In the following section, I will provide an
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overview of teachers’ difficulties with understanding area measurement and their strategies for
investigating and developing their understanding. During this analysis, I will identify the
similarities and differences between students and PTs in order to make predictions about PTs’
understanding of the concept of area measurement.
PTs’ definitions of the concept of area were found to be problematic (Baturo & Nason,
1996; Tossavainen, Suomalainen, & Makakainen, 2017). When asked what area was, most PTs
defined area formulaically as length times width (Chamberlin & Candelaria, 2014). Only 7% of
PTs referenced area as two-dimensional. Additionally, Baturo and Nason (1996) emphasized the
importance of both static and dynamic perspectives to understand ing the concept of area. They
explained that the static perspective “equates area with an amount of region that is enclosed within
a boundary and the notion that this amount of region can be quantified” (p. 238). The dynamic
perspective, on the other hand, refers to “the relationship between the boundary of a shape and the
amount of surface that it encloses so that, as the boundary approaches a line, the area approaches
zero” (p. 238). Baturo and Nason contended that a limited grasp of the dynamic perspective is a
source of PTs’ difficulties with understanding area measurement. Two years later, Menon (1998)
noted that teachers' understanding of the concept of area was “less than satisfactory” for teaching
(p. 366) based on their problem solving and creating about area measurement.
It was commonly found that PTs could apply procedures, but had difficulties explaining
the meaning of the area formula, how it was constructed, and why it works (Baturo & Nason, 1996;
Chamberlin & Candelaria, 2014; Livy, Muir, & Maher, 2012; Murphy, 2012). In self-reports,
teachers often identified formulas as complicated and difficult to learn, so they merely memorized
them (Barrantes & Blanco, 2006; Baturo & Nason, 1996). Murphy’s (2012) study of PTs’ lesson
plans to introduce area measurement and their performance of area measurement tasks also found
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this deficiency. She emphasized that PTs tended to merely apply area formulas due to their lack of
subject knowledge. PTs’ knowledge was rule-dominated, which means they did not link
computational and conceptual knowledge (Baturo & Nason, 1996). The reason for this gap might
be PTs’ lack of understanding of the relationship between linear and area measurement. In
addition, they might have difficulties with some foundational terms. For instance, Passelaigue and
Munier (2015) emphasized the importance of the concepts of measurement and attribute, which
are fundamental concepts for the understanding of area. They used classification questions to
examine teacher’ difficulties with attribute and measurement. They noted that PTs’ understanding
of these concepts was very poor. These studies strongly suggested that teachers need further
support to develop their cognitive processes for the meanings of formulas. I interpret this as a call
for closely examining PTs’ understanding area measurement.
To describe and analyze PTs’ understanding of area measurement, it was useful for
mathematics educators to closely observe the strategies PTs’ used in area tasks (Battista et al.,
1998; Evans, 2002; Keiny, 1994). To describe this strategy research, I completed a literature
review of empirical studies on the strategies PTs and K-12 learners used while solving problems
related to the concept of area. Because there was no study of PTs’ mental processes, I hypothesized
PTs’ mental processes based on existing finding describing K-12 learners’ mental processes.
Kospentaris et al. (2011) examined high school and undergraduate mathematics students’
understanding of the conservation of area by observing the strategies they employed while solving
six problems. For example, one of these problems (see Figure 8) T1 was that “lights at two spots
on the wall, A and B, illuminate corridor C. Which light beam covers the greater area of the
corridor’s floor?” (p. 110). The problem featured two triangles with the same base and equal
heights located between two parallel lines.
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1) A covers great area 2) B covers greater area
3) They cover the same area (indicate the correct answer).
Figure 8. Conservation of area task (Kospentaris et al., 2011, p. 110).
High school and undergraduate mathematics students used similar strategies. There were
some differences and similarities between the groups. The number of learners who used the same
kind of strategies in these groups varied. For instance, high school students used measurement
strategies less frequently than undergraduate mathematics students. Furthermore, the percentage
of undergraduate mathematics students who provided the correct answers was higher than that of
high school students. However, both groups performed poorly on the tasks and struggled to explain
the strategies they used. Their rule-dominated knowledge about area measurement affected their
reasoning in these tasks, similar to the findings of Baturo and Nason (1996).
In another study, Myers and Pelak (2012) described a professional development project in
which teachers used the following three strategies to solve a real-life area problem (see Figure 9):
Teachers “partitioned the region into non-overlapping elementary units and counted, used several
area formulas, and used the perimeter” (p. 552).
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Figure 9. Diagram of irregularly shaped properties in which the grey space is unsodded
(Myers & Pelak, 2012, p. 552).
While using these three strategies, the teachers decomposed the given shape and then
covered sub shapes using different units. Using a square unit for covering the region was a unitslocating process that was also used by students in Battista’s (2004) studies. As a result of this
process, the in-service teachers stated that they deeply understood the meaning of the area formulas
they were using. As discussed above, the use of units to develop meaning for the area formula was
practically the same way in which young students developed their understandings.
Based on the results of these studies, I hypothesize that PTs would have difficulties with
area measurement similar to those students’. The hypotheses led me to adopt Battista’s (2004)
levels of sophistication framework and tasks in my study, especially given that row-by-column
structuring revealed the main reason for students’ difficulties. Based on these thinking, I
hypothesized

that PTs’ understanding

begins with the development

of row-by-column

relationships. Specifically, PTs’ use of units-locating and organizing-by-composites mental
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processes, and their connecting spatial structuring with numerical procedures must be examined
to describe PTs’ understanding of area measurement.
Decimal Numbers
In order to extend Battista’s (2004) framework of understanding of area measurement to
rectangles with non-whole number side lengths, it is necessary to explore PTs’ understanding of
decimals. According to Varma and Karl (2013), decimals “are sequences of digits (“1”,
“2”,…,”9”) and up to one decimal point (“.”)” (p. 284). Researchers have emphasized the
importance of investigating teachers’ understanding of positive and negative decimals (e.g.
Burroughs & Yopp, 2010; Thipkong & Davis; 1991; Widjaja, Stacey, & Steinle, 2011). Studies
have reported PTs difficulties with decimals and reference PTs’ use and interpretation of decimal
notations in computational processes as particularly problematic. In this section, I summarize and
discuss PTs’ conceptions of decimals as described in mathematics education literature.
The most common problems identified in literature PTs exhibited were representin g,
comparing, and ordering decimals (Putt, 1995; Thipkong & Davis, 1991). For example, Putt (1995)
asked teachers to order five decimals (0.606. 0.0666, 0.6, 0.66, and 0.060), and attributed their
errors to focusing on the number of digits after the decimal point instead of the numbers place
values. The two main errors were to consider the number was larger if either more or fewer digits
followed the decimal point. Assuming a decimal number was bigger because it had more digits
after the decimal point indicated that PTs were using their whole number reasoning. For instance,
according to PTs in this category, 0.606 > 0.66 because 606 > 66. Varma and Karl (2013) suggested
such errors were caused by using natural number referents to compare decimals. On the other hand,
PTs who made the second error focused on the place values of the digits but their interpretatio ns

32
were incorrect. For example, according to PTs in this category, 0.6 > 0.66 because hundredths are
smaller than tenths. This error was named “shorter-is-larger” by the researchers.
Based on these two misconceptions, Stacey, Helme, Steinle, Baturi, Irwin, and Bana,
(2001) proposed that shorter-is-larger was more predominant in PTs’ misunderstandings. The
research has identified four difficulties underlying errors in decimal comparisons: length,
comparison with zero, position of zero, and the decimal number similarity. PTs indicated that the
long decimal numbers and unequal lengths of decimals could cause confusion. Thinking of zero
as bigger than a decimal number also made decimal comparison more difficult for them. Seeing a
zero in the tenths columns confused them as well, since they did not understand that a zero in the
tenths columns makes the decimals smaller. The last problem mentioned by PTs was in regards to
comparing numbers which appeared similar because they differed only after their third and fourth
decimal places.
These misconceptions also caused misunderstandings of equivalent decimals. For instance,
Putt (1995) found that some PTs had difficulty with understanding that 0.7 equals 0.70 because
they failed to understand the role of the hundredth place. Putt also proposed that PTs had diffic ulty
seeing a decimal number in terms of the addition of place values; for example, understanding 0.463
as 0.400 + 0.060 + 0.003 = 0.463. These observations opened a door for a discussion of the
representation of decimals.
The findings of the current literature have determined how PTs interpret, use, and represent
decimal numbers. Recently, researchers (e.g., D’Ambrosio & Kastberg, 2012; Cramer, Monson,
Wyberg, Leavitt, & Whitney, 2009; Putt, 1995; Widjaja, Stacey, & Steinle, 2011) have found that
focusing on learners’ different representations of decimals not only helped PTs to understand how
they think about decimals, but also helped them to overcome their confusion about decimals. For
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example, D’Ambrosio and Kastberg (2012) investigated how PTs used grids to order decimals .
Putt (1995) identified three sources of PTs’ difficulties with understanding decimals: not relating
the subdivisions of the whole, not noticing the additive structure of the decimals, and thinking of
decimals as whole numbers. An example of not relating the subdivisions of the whole was not
seeing one-hundredth as one-tenth divided into ten parts. An example of not noticing the additive
structure of the decimals was not seeing 0.6060 as 6 tenths and 6 thousandths. An example of
thinking of decimals as whole numbers was having problems representing 0.606 on a grid because
it was written as 0.6060, which PTs assumed was larger. D’Ambrosio and Kastberg found that
proficiency with operations such as converting all decimals to fractions with common
denominators, masked some PTs’ gaps in understanding of decimals. Thus, the researchers
proposed that in order to develop students’ understanding, teaching decimals should focus not just
on procedures but also on the representations of decimals.
Based on the existing literature involving the knowledge of decimals, we can hypothesize
that PTs would experience significant challenges in understanding the area measurement of
rectangles with non-whole number side lengths. In particular, we can anticipate that these
challenges include the incorrect identification of the placement of decimal lengths on one and twodimensional systems, the insufficient representation of decimals, and the incorrect computation of
decimals. The incorrect identification of the placement of decimal lengths results in insuffic ie nt
representation of decimals, for example, locating 0.01 cm as a bigger than 0.1 cm, which also
means locating a decimal number on a wrong dimension (e.g., locating 0.1 cm one-dimensio na l
measurement as two-dimensional measurement). Last, the incorrect computation of decimals
indicated lack of ability to see dimensional change as the result of computation. For example, PTs
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multiplied 0.1 cm by 0.1cm, and got 0.01 cm. Instead of the two-dimensional value they should
have found, they found a one-dimensional value.
Conclusion of Literature Review
In this chapter, I described the theoretical perspectives considered in this study.
Researchers’ theories of understanding as mental processes encouraged me to identify the mental
processes used for area measurement. The lack of studies on PTs’ mental processes used for area
measurement directed me to instead examine studies focused on students’ mental processes. Given
the similarities in students and teachers difficulties and strategies with the concept of area, I used
Battista’s (2004) levels of sophistication framework in my study. My plan was examining PTs’
use of units-locating and organizing-by-composites mental processes, and their linking spatial
structuring with numerical procedures. To contribute to the field and increase the significance of
my study, I added decimals as a new number type for the area measurement of rectangles. Side
lengths of rectangles were given decimal numbers. Reviewing the current studies related to the
understanding of area measurement and decimal concepts helped me to construct the framework
for my study. In Chapter 3, I describe how I used this framework to inform my methods, data
collection tools, and analysis.
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CHAPTER 3. METHODS

The goal of my study was to detail PTs’ understanding of the area measurement of
rectangles with whole-number side lengths and non-whole number side lengths. I investigated PTs’
units-locating and organizing-by-composites processes and the relationships between spatial
structuring and numerical procedures (Battista, 2004). My aim was to construct an environment in
which I could investigate PTs’ mental processes represented by their physical activities using given
tools (1 cm by 1 cm unit square, 1 cm by 2 cm rectangle unit, overlay grid paper consisting of 1
cm by 1 cm unit squares, overlay grid paper consisting of 1 cm by 2 cm rectangle units, a manual
Geoboard, and an online Geoboard). However, due to the highly- internalized

nature of

understanding, it is difficult to identify and describe mental processes through the direct behavioral
observation. Therefore, I also conducted clinical interviews (Clements, 2000; Goldin, 2000;
Hunting, 1997). This chapter begins with a description of the clinical interview methodology I
used, followed by a discussion of the participants, setting, data collection, analysis, and valid ity
measures.
Clinical Interview Methodology
My data were collected using clinical interview methodology (Clements, 2000; Goldin,
2000), pioneered by Piaget (1975). My purpose was to identify and unpack PTs’ understanding of
the concept of area measurement over the course of the five-week data collection period. Because
understanding cannot be observed directly, I provided relevant tasks and communicated with PTs
regarding their engagement in these tasks. This methodology provided a context in which each
participant and I (as interviewer) interacted to discuss the participants’ manipulations while
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working on tasks. For the purposes of this research, therefore, clinical interviews were appropriate
data collection method.
To elicit PTs’ thinking and reasoning in order to probe their understanding (Clements,
2000), I needed to unpack their mental processes at different points of time throughout the clinica l
interviews. I asked open-ended questions while participants engaged in free problem solving
(Goldin, 2000). Clements (2000) described this process as mapping the hidden world of the
participants, including PTs’ mental processes and structures. These processes were then used to
begin a profile of PTs’ understanding.
The interactional nature of the clinical interviews, during which the interviewer interve nes
by asking about ongoing behaviors and setting new tasks to probe more deeply or confirm
observations, stimulated PTs’ to explain their thought processes (Clements, 2000; Goldin, 2000).
To determine PTs’ mental structures, I used Battista (2004) levels of sophistication conceptual
framework for PTs’ understanding of the concept of area.
Participants and Settings
Selection of Participants
The PT volunteer participants in this study were enrolled in a mathematics methods course
for pre-service elementary teachers “Mathematics in The Elementary School” at a large public
university in the Midwestern U.S. I obtained the permission of the instructor of each section to
attend one class meeting to recruit participants. My recruitment presentation included descriptions
of my main research goals, setting, risks, and benefits. I explained that the study would be
completed within five weeks, and I needed four to seven participants to provide backup in the case
of unusable data. I mentioned that the study consisted of five interviews: one initial and four
explanatory. Then, I distributed recruitment letters (see Appendix A), which included the research
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goals, setting, procedures, risks, benefits, and my contact information. I asked all PTs who were
willing to participate to fill out the recruitment document and return it to me by email or right there
in person. I secured six volunteers and made appointments with them to explain the study in more
detail and answer their questions. One volunteer decided not to participate at this point of the study
due to a busy schedule. I scheduled initial interviews with the five remaining volunteers.
Participants were paid $15 for each of the four explanatory interviews ($60 total for their
completed participation). I also explained that participating in this study would not affect their
course grades, and their identities would be protected in accordance with IRB guidelines.
Initial Clinical Interviews
I contacted five PTs, who expressed interest in this study, for initial interviews. The initia l
interview (see Appendix B) was the same for each volunteer and approximately 40 minutes in
length. Their abilities to manipulate tasks and explain their thought processes during these
manipulations were the main criteria for inclusion of the volunteers in the study.
The initial interview questions were designed to elicit PTs’ mathematical thinking as well
as their ideas about understanding the concept of area measurement. In addition to questions that
elicited verbal responses, the initial clinical interviews included questions that involved using
given tools to draw different rectangles. One PT dropped out of the study after the initial interview
because she did not feel comfortable with the concept of area. This left me with 4 participants for
the study. Table 1 summarizes the focus and purpose of each the initial interview questions.
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Table 1 Initial Interview’s Focus
Initial Interview Question Type
Questions
(see Appendix B) (Provides data about)
Q1
PTs’ educational goals
Q2
Q3

Q4

Q5 and Q6
Q7 and Q8

Q9 and Q10

Purpose
(To determine)
PTs’ interest in learning and teaching
mathematics

PTs’ mathematics background

how the PTs’ backgrounds fit the
requirements of the study
PTs’ definition of the concept area perspective (static or dynamic)
of area
(Baturo & Nason, 1996) of the PTs given
that the quality of their definitions affects
their
performance
(Tossavaine n,
Suomalainen, & Makalainen; 2017)
meaning PTs ascribe to their what the PTs know about understanding
understanding
of
a
mathematics concept
PTs’ feelings and factors that PTs’ thinking about their understanding
helped their understanding
processes
PTs’ technology background, PTs’ ability to use the online Geoboard
specifically Geoboard, for the application
benefit of their understanding
PTs’ performance with the PTs’ performance using the given tools (1
given
tools
to
create cm by 1 cm unit square, 1 cm by 2 cm
rectangular
and
non- rectangle unit, overlay grid paper
rectangular figures
consisting of 1 cm by 1 cm unit squares,
overlay grid paper consisting of 1 cm by 2
cm rectangle units, a manual Geoboard,
and an online Geoboard) because their
physical activities are crucial to data
collection (Chamberlin & Candelaria,
2014)

Interviews Settings
PTs were interviewed during individual initial and explanatory interviews. The rationale
for one-on-one interviews was that participants may have been more forthcoming without their
peers, which could have enhanced the data amount and quality. Moreover, if there were multip le
interviewees, I may have overlooked important interventions or points. Because I was interested
in obtaining as much detail as possible of each participant’s mental structures, I used one-on-one
interviews.
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I conducted the interviews in a conference room on the main campus of a Midwestern
university. On the conference room table there was a microphone, laptop computer, and mouse. I
set up two video cameras at different angles, according to Goldin’s (2000) recommendation that
one camera focus on researcher-participant interactions and the second camera focus on the
participant’s working area, which contained question sheets in this study. The cameras captured
PTs’ utterances, task behaviors, and gestures. To supplement the recorded video data, I created
field notes throughout data collection and immediately recorded my thoughts and reflectio ns
following each interview. These field notes constituted important data in this study. Table 2
features the study’s interview timeline.
Table 2 Data Collection Timetable
Dates (2016)

Data

October 27 - 28

Initial Interviews

October 28

Ongoing Analysis of Initial Interviews

November 3 - 4

Explanatory Interview 1

November 5 - 8

Ongoing Analysis of Explanatory Interview 1

November 10 - 11

Explanatory Interview 2

November 12 - 15

Ongoing Analysis of Explanatory Interview 2

November 17 - 18

Explanatory Interview 3

November 19-22

Ongoing Analysis of Explanatory Interview 3

December 1 - 2

Explanatory Interview 4

December 3 - 6

Ongoing Analysis of Explanatory Interview 4

December 7, 2016 – January 7,
2017

Video Transcription

January 8 – February 8, 2017

Secondary Data Analysis
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Data Collection Methods
Explanatory Clinical Interview
Four explanatory interview protocols were designed as follows: area of rectangles (see
Appendix C), area of triangles (see Appendix D), area of parallelograms (see Appendix E), and
the area of non-rectangular figures (see Appendix F). However, due to the complexity of the data,
I narrowed my study focus to PTs’ understanding of the area measurement of rectangles. I focused
only on PTs’ understanding of the area measurement of rectangles. Accordingly, data for the study
were drawn from the initial interview and one explanatory interview.
Each of the selected PTs participated in an approximately 45-minute- long explanatory
clinical interview. Immediately following the interview, I consulted my observation notes and
created hypotheses about the participant’s use of units-locating, organizing-by-composites, and
linking spatial structuring and numerical procedures (Battista, 2004). My initial hypotheses and
supporting evidence were stored in a OneDrive (Microsoft, 2001) folder.
The explanatory clinical interview constituted the main data for my hypotheses regarding
PTs’ understanding of the concept of rectangle area measurement. My interview questions focused
on the PTs’ actions as they solved the rectangle area problems I posed. The explanatory clinica l
interview is discussed in further detail below in order to clarify the tasks posed and processes PTs
were expected to demonstrate.
Explanatory Interview
Previous studies have revealed PTs’ difficulties with the concept of rectangular area
measurement, in particular their lack of conceptual understanding of the relationships between
multiplication and area (Simon & Blume, 1994). Therefore, this study’s explanatory interview (see
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Appendix C) was designed to identify PTs’ mental processes for the measurement of a rectangular
area.
To help me identify PTs’ level of thinking in the domain of area measurement, the
explanatory interview included six questions and additional sub-questions. Questions (Q) 1 to 5
were adapted from Battista’s (2004) study. Question 6 consisted of three sub-questions; I designed
the first two and I adapted the third from Fuys, Geddes, and Tischler (1988). Table 3 outlines the
explanatory interview question types and purposes.
Table 3 Focus of The Explanatory Interview
Explanatory
Interview Question Type
Questions (Appendix C)
(Provides data about)
Q1 and Q2
PTs’ structuring process of twodimensional arrays of squares
(Battista, 2004) in rectangles with
all units perceptually available
Q3, Q4, and Q5
PTs’ structuring process of twodimensional arrays of squares
(Battista, 2004; Battista et al., 1998)
in
rectangles
lacking
some
perceptually available units
Q6a
PTs’ structuring process for the
given whole number dimensio ns
(1D and 2D)
Q6b

Q6c

Purpose
(To determine)
units-locating and organizingby-composites
mental
processes
units-locating and organizingby-composites
mental
processes

units-locating and organizingby-composites
mental
processes
with
differe nt
dimensions.
PTs’ structuring process for the if PTs extend their use of
given
non-whole
number mental processes for whole
dimensions (1D and 2D)
number side length tasks to
non-whole number side length
tasks
PTs’ explanation of the meaning of how PTs linked
spatial
the area formula (Fuys et al., 1988) structuring and numer ica l
procedures

Battista (2004) stressed the significance of enumeration of arrays of unit squares to discuss
students’ understanding. Battista focused on two additional mental processes—area units-loca ting
and organizing-by-composites—to identify students’ area measurement understanding. Battista
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stated that questions should focus on the mental processes students use to construct arrays and
their corresponding levels of abstraction. Thus, the PTs’ shape covering and overall covering
processes provided evidence of Battista’s levels. Q1 (Figure 10) and Q2 are examples of the
question type in which all units were perceptually available.

Figure 10. Explanatory Interview Question 1 (Battista, 2004, p. 193).
Q3, Q4 (Figure 11), and Q5 are examples of questions with some units perceptually
available.
Battista (2004) designed tasks in which all units or some units were perceptually available.
I added one additional question type. In the Q6 task (see Figure 12), there are no perceptually
available units. I added this question type because I hypothesized that challenging PTs might
provide additional useful data. In addition, Battista used only whole numbers, while I also used
decimal numbers as side lengths of a rectangle in one of the Q6 sub-questions.
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Figure 11. Explanatory Interview Question 4 (Battista, 2004, p. 196).
Q6 included three sub questions (see Figure 12):
a. Can you show me where 1 cm is in the left shape? Can you show me where 1 square
centimeter is in the shape? How do you know this referent is 1?
b. What is a tenth of a centimeter here [referring to a 4.3 cm by 6.3 cm rectangle]? What is a
tenth of a centimeter times the tenth of a centimeter here [referring to a 4.3 cm by 6.3 cm
rectangle]? Can you show me where 0.09 square centimeters is? Can you show me how
many square centimeters are included in this shape?
c. Suppose you wanted to make a little jewelry box for a friend or sister. You want to cover
the top with expensive gold paper. You can use one of these two boxes (I showed
participants the tops of these two boxes in Figure 12). Which top is larger? Which needs
more gold paper to cover it? How can you check this? [Then, the interviewer says:
“Someone asks you which top has the greater area. Which does? What do you mean by
‘area’? Another person says the area of this cover is 25. What does he mean by ‘the area
is 25?” (Fuys, Geddes, & Tischler,1988, p. 46)].
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Figure 12. Explanatory Interview Question 6 (Adapted from Fuys, Geddes, & Tischler,
1988, p. 46).
I designed Q6a to examine the mental processes PTs’ used to locate the given one- and
two-dimensional numerical values of rectangles with whole-number side lengths. In this question,
side lengths and numerical values which PTs are required to locate are both whole numbers. This
question was intended to provide evidence of PTs’ linking spatial structuring and numer ica l
procedures. Q6b provided a context in which to identify PTs’ units-locating and organizing- bycomposites processes. Further, the task provided evidence of linking spatial structuring and
numerical procedures with non-whole number side lengths. The progression from Q6a to Q6b
moved from one- to two-dimensional measurements. I focused on PTs’ use of units of
measurement because this affects their explanation of area measurement in terms of spatial
structures (Dorko & Speer, 2015). This focus will be discussed in detail in the data analysis section.
The PTs’ strategies for locating centimeters and square centimeters provided sufficient data to
determine their row-by-column structures. Q6c, adapted from Fuys et al. (1988), helped me to
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assess PTs’ “understanding of area (as ‘space inside’), measure of area (as ‘how many units cover
a figure’), and procedures for finding the area of rectangles” (p. 46).
Data Analysis
The initial and explanatory clinical interview videos were transcribed and coded using
Battista’s (2004) levels of sophistication framework. The transcribed clinical interview data and
observation notes were used to identify PTs’ mental structures and hence understanding of area
measurement. Ongoing and retrospective analyses were implemented based on Battista’s levels of
sophistication framework described in Chapter 2. I used Battista’s (2004) framework to determine
the PTs’ levels of understanding, compare the PTs’ cases, and summarize the data. In the following
section I will provide one example of my analysis process with my study.
Ongoing Analysis
This research was originally designed to investigate PTs’ understanding of the area
measurement of rectangles, triangles, parallelograms, and non-rectangular shapes. Because I
focused on rectangle measurement only, the rectangle area data are relevant here. Given this focus,
my ongoing analysis was used in two different contexts. The first context of ongoing analysis
comprised the initial interview and the single explanatory interview about rectangle. The second
context comprised all PTs’ individual interview sessions that featured the rectangle.
In these contexts, I used ongoing analysis to identify moments lacking clarity in order to
redesign or construct new questions for the next participant. For example, PTs completed one
explanatory interview for each figure type. However, all PTs were not interviewed on the same
day. Two PTs were interviewed on the same day, one in the morning and the other in the afterno on.
The other two PTs were interviewed the following day. Thus I was able to revise the interview
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protocol for each participant. This ongoing analysis contributed to the quality of the subsequent
questions and interview structures in order to obtain useful data. For instance, one PT mentioned
that each question was subsequently more difficult than the previous question. I then mainta ined
the question order for other interview sessions.
I conducted ongoing analysis after the PTs completed the initial and single explanatory
interview sessions. Upon the completion of the first explanatory interviews, I tested my hypothesis
regarding PTs’ understanding of the concept of area measurement of rectangles through the lens
of Battista’s (2004) levels of sophistication conceptual framework. I described PTs’ uses of mental
processes and then classified them according to Battista’s framework to determine their
understanding. As a result of my primary analysis, I redesigned my hypotheses about PTs’
understanding of area measurement of rectangles.
Secondary Analysis
I began my retrospective analysis after completing all explanatory interview sessions. I
first transcribed and synchronized the interview video recordings. I used the video data to examine
PTs’ behaviors (verbal and nonverbal), gestures, sketches, Geobard use, and mathematica l
terminology.
To analyze the data, I reviewed the videos, transcriptions, and PTs’ written work. I read
the PT interview transcripts. There were some unclear transcription sentences, so I reviewed the
video and interview papers to clarify these moments. This authentication gave me the opportunity
to examine PTs’ actions and explanations. Prior to deciding which mental processes were used and
how, I correlated these instanced with my field notes. For example, when a PT correctly located
the length and width of the given rectangle, I recorded in my field notes that the PT counted the
squares (unit of area) to identify the dimensions (unit of length) of the rectangle. I organized my
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notes based on the evidence of each PT’s uses of mental processes. I then used these notes and
interpretations to build a model for each PT’s understanding of the concept of area measureme nt
(rectangles with whole-number sides and with non-whole-number sides).
In table 4, I provide an example of my three-column data analysis. The first column
includes original transcript excerpts, which were used to draw inferences. The second column
details my comments, interpretations, and reasoning. The third column contains the code I assigned
to the interview excerpt.
Table 4 Data Analysis Sample
Transcript Excerpts
[She used the area formula and
found that the area of a 5 cm by 5 cm
rectangle was 25 square centimeters. To
explain the meaning of the numbers in
the area formula, she drew five unit
squares in the first row and said]:
“I knew that there could be like
five rows going
vertically
and
horizontally. I guess—I’m looking at—
this would be the first row [she located
units in the first row by using a 1 by 2unit rectangle as a ruler], so this is one
row of five [she pointed to the first row]
and there can be five rows that go, that
can fit [she iterated the first row using
her pencil] (line 274-276; 11/4/2016).

My Comments
She perceptually divided
5 cm to five 1 cms. She
created a unit square by
drawing and connectio n
1 cm length lines in the
first row. This shows that
she understood that one
square centimeter
is
composed of four 1 cm
lines. Based on this
understanding,
she
measured the area of the
5 cm by 5 cm square as
25 cm2 , meaning there
are 25 1 cm2 . Further,
she explained what the
two
1-dimensio na l
lengths
shows,
and
connected this meaning
with area measurement.

Assigned Codes
She
explained
the
meaning of the formula
numbers as well as how
the formula was created.
Therefore, according to
Battista’s
framework
(2004), she understood
area in terms of the
relationships
between
spatial structuring and
computational
procedures. This is 7, the
highest
level
of
understanding.

After reviewing each participant’s interviews, I used cross-case analysis to compare the
similarities and differences among the cases (Johnson & Christensen, 2014). Researchers’
explanations of these similarities and differences help identify factors that contribute to
participants’ understanding outcomes.
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Validity Measures
Validity, a critical topic in qualitative research, refers to the trustworthiness of the study.
A main source of trustworthiness is triangulation, which refers to the use of a variety of methods
and/or data sources (Johnson & Christensen, 2014). As I explained above, I used multiple data
sources, including observations, interviews, and video recordings. Moreover, Merriam (2009)
stated that conducting multiple interviews with the same participant also serves as triangulation. It
follows that my initial and explanatory clinical interviews with each participant contributed to
triangulation as well.
My second strategy was to provide PTs with opportunities to ask me about my findings.
This is one of the benefits of my study. I met with each PT and verbally shared my findings. No
PT disputed the findings. These strategies improved the accuracy of my data and reduced the
probability of affecting PTs mental processes during data collection.
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CHAPTER 4. RESULTS

This chapter describes the findings for PTs’ understanding of rectangle area measureme nt.
These findings are reported in the form of four case studies for participants Heidi, Caroline, Macy,
and Adele. Each case is formatted to highlight the processes used by the participants to measure
rectangular area. In addition to a brief introduction regarding the participants’ experience with area
and area tools, two sections present evidence for the interpretation of the participants’ mental
processes when finding the area of rectangular figures with whole-number and non-whole number
side lengths. Specifically, the PTs’ spatial structuring (units- locating and organizing-by-compos ite
mental processes) and its connection with numerical procedures are discussed.
Heidi’s Understanding of the Measurement of the Areas of Rectangle
Introduction
Heidi was a college junior enrolled in an elementary mathematics method course during
the 2016 fall semester. She took pre-calculus in high school and calculus in college. She also took
college courses focused on mathematics for elementary school teachers. One such course focused
on exploring elementary school geometry. In her first university mathematics course, precalculus :
functions and trigonometry, she received a C. Heidi earned a B or better in her subsequent
mathematics courses.
Heidi did not find mathematics difficult, but she acknowledged that developing her
understanding took time and effort. She loved to explore while learning mathematics and felt most
comfortable when she received feedback about her approaches to problems, rather than just being
told by her instructor whether she was right or wrong. Her confidence and performance in
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mathematics increased in student-oriented classes, which she described as when teachers direct
their students’ own discoveries and answered students’ questions.
Heidi was taught area measurement in her geometry class for elementary teachers. She
associated her definition of area with area measurement. She defined “area” as “the space inside
the given shape” (see Figure 13) (line 55; 10/27/2016), which could be found by multiplying the
length and width of a rectangle. The shape left on the Figure 13 illustrates her area definitio n
example. She understood that different figures might require different area measureme nt
processes. She explained this understanding by drawing the shape right on the Figure 13. She then
suggested that in order to find the area of shape right on the Figure 13 she needed to separate it
into small rectangles. The shape right on the Figure 13 illustrates a different type of closed region.
Heidi thought its area measurement required additional steps than the shape left on the Figure 13.
She stated:
You could not just multiply this number [she pointed to the length of a small rectangle on
the right side] times this number [she pointed to the width of the same small rectangle] to
figure out how much spaces inside. You must figure out how much space is inside of each
of them [she decomposed the shape into five squares] and add them together. So, you must
find the length of their sides. And you must add all of those [the areas of 5 squares] together
in order to figure out the total area inside of it. (lines 65-69; 10/27/2016)
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Figure 13. Heidi’s definition of rectangular area.
For Heidi, understanding the concept of area meant knowing the formula for calculating
area. For example, when asked to find the area of a 5 cm by 5 cm rectangle, she described needing
to use the area formula and explained what each five meant in this formula. According to Heidi,
additional practice using the area formula would help her to develop a better understanding of area
measurement.
Though Heidi had little experience using technology to calculate area measurement, she
said she could use an electronic geoboard as a tool because she had manual geoboard experience.
During subsequent interviews, Heidi also demonstrated facility with a single unit square, 2 by 1
unit squares, and an overlay grid as she identified and counted the number of units in rectangular
and non-rectangular figures.
Understanding the Area Measurement of Rectangles
As discussed in the literature review, two types of tasks—those with all units perceptually
available in rectangles and those with only some units perceptually available in rectangles— were
used to identify the mental processes involved in rectangular area measurement. The processes
Heidi used were units-locating and organizing-by-composites. Beyond these processes, Battista
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(2004) suggested that understanding connections between numerical procedures and the spatial
structuring involved in the measurement of the area of a rectangular figure signifies more advanced
processes. While Heidi had no difficulty describing how she structured space within a rectangle of
whole-number side lengths and how the structure corresponded to her computation, she did have
difficulty when the side lengths of the rectangles were not whole units. In the following sections
I share evidence of Heidi’s relevant mental processes.
Whole number side lengths
Heidi efficiently used units-locating and organizing-by-composites mental processes in
situations where rectangles had whole number side lengths, even when whole units were not
identified in the interior of the given rectangles. Her use of these mental processes revealed her
understanding of the relationships between numerical procedures and spatial structuring. Based on
evidence of linking numerical procedures with spatial structuring, Heidi’s understanding of the
measurement of the area of a rectangle with whole number side lengths was of the highest level in
Battista’s (2004) framework. To illustrate Heidi’s attempts to use her processes, I first provide
examples of her units-locating and organizing-by-composites processes. Finally, I share evidence
of her efforts to link numerical procedures and spatial structuring.
Units-Locating and Organizing-By-Composites
Heidi’s units-locating process indicated that she understood a square based on a twodimensional system. The various question types did not change her initial approach to unitslocating; however, she exerted greater effort to locate units for more abstract questions. Heidi used
the units-locating process on two levels. For the type of task in which all units were perceptually
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available, she located units in only one row and a column, whereas for tasks in which not all units
were perceptually available, she located one more row of units.
Her initial approach was to use the formula to determine how many squares she needed to
cover the given figure. To do so, she knew that she needed to know the lengths of the rectangle’s
sides. First, she located the number of unit rows and columns for the area formula; for example,
she counted the squares in the first row and the last column of the given rectangles to determine
the lengths of the sides of the rectangles (see Figure 14). She used unit of area to determine the
numbers she needed to use in the formula. She then multiplied width times length to predict the
number of unit squares needed to cover the rectangle.

Figure 14. Heidi counting rows and columns to measure the total number of unit squares.
In problems where the interior of the rectangle included obstructed arrays of units (see
Figure 15), Heidi used a similar approach, confirming her original findings by doing a second
count. Figure 15 is an example of a rectangle with obstructed arrays. Heidi first counted the
rectangle’s last column and row. Then she counted the first-row units to check her initial row
count. She said:
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It looks like I can see one here, two, three, four, five, six [counting units in the last column].
I have six this way. It looks like I have four this way, one, two, three, four [counting units
in the last row]. One, two, three, four [counting units in the first row]. Yeah. I'd say there
are 24 right there. [lines 159-161; 11/3/2016]
She then used the row and column counts to find the number of units needed to cover the
rectangle. After that, she completed the grid line segments to illustrate the 24 unit squares of the
rectangle. She first connected the line segment that divided the third and fourth columns. Then she
connected the horizontal line segments at the top of the rectangle. Heidi began with the visible grid
line segments and continued to the unseen lines.

Figure 15. Heidi’s process with obstructed arrays of units.
Locating the array units helped Heidi to use the organizing-by-composites mental process.
Her organizing-by-composites process was affected by the availability of the row or column units.
If a row included more available unit squares than a column, she preferred to iterate the row. For
example, to find the area of a 3 cm by 5 cm rectangle (see the left shape of Figure 16) in which not
all units were visible, she iterated the last column (in which all units were visually available) across
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a projected row to visually structure the space. Figure 16 illustrates her approach to locate units
and use of the organizing-by-composites mental process.

Figure 16. Heidi’s pencil-constructed iteration and use of a 1- by 1-unit square.
Heidi explained her units-locating process. She positioned her pencil along the first row
and moved it vertically across the length of the rectangle. To show how she predicted the number
of units needed to cover the rectangle, she did the same for a column. Because I was uncertain of
her reasoning, I asked her to explain what she had done. She replied:
I could see that there's the tick mark here [referring to a point on the right side of the
rectangle] and the tick mark here [referring to a point on the right side of the rectangle],
and here [referring to a point on the top side of the rectangle], and here [referring to another
point on the top side of the rectangle]. Based on what I know, I could see clearly that there
were three rows this way [she placed her pencil horizontally on the top row and moved it
to the bottom row]. On this one, though [referring to the last column], it's a little harder to
determine. I said that there was one here [she positioned her pencil vertically and was
moving it from the right to the left side], one here, one here, one here, and one there, so a
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total of five [referring to columns with her pencil and counting them]. [lines 119-124;
11/3/2016]
She then multiplied 3 by 5 to find the number of units needed to cover the given shape.
This approach suggests that Heidi assumed the rectangle contained an array of units that could be
used to find the area measurement but was uncertain about the precise position of the array units.
She visually structured the space to represent the array; however, she indicated that she still did
not feel comfortable locating the units one by one:
If I know how many, it's easier than just counting, trying to count all the squares especially
when I don't have the squares there to count…. It's easier to count one side and then count
the other side because then I can do the multiplication because I can't guarantee that I'll be
able to count all the inside spaces because I don't have the lines there. [lines 137-142;
11/3/2016]
This explanation raised some questions about her units-locating process. In particular, I
wondered whether locating a unit in the array within a rectangle was necessary for her to
understand the concept of area measurement. These results show that the units-locating process
involves more than just physically locating the figure units. Battista (2004) defined the unitslocating process as “locating squares and cubes by coordinating their locations along the
dimensions that frame an array” (pg. 192) and mentioned the importance of seeing a square as
two-dimensional, which I thought Heidi had. Heidi worried about the accuracy of her drawing and
getting the number of units wrong. The important point here is the need to improve our
understanding of what is meant by units-locating.
At my request, she showed me how to check her work using the 1 cm by 1 cm unit square
to draw all the units in the shape (see the right shape of Figure 16). Heidi’s visualization of the
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columns and her use of iteration to predict the area are evidence that she was organizing- bycomposites for all rectangles with whole-number side lengths.
Units-locating helped Heidi use the organizing-by-composite process. Creating a grid on
the rectangle helped her to identify the number of rows and columns. Then, she used two units
together to cover the given 4 cm by 5 cm rectangle. However, she could not correctly locate two
units on the 5cm length side. Although she was confused by using the organizing-by-compos ite
process with fewer than the maximum number of unit squares, her action of iterating the maximum
units in a row or column placed her at the highest level of organizing-by-composite process usage.
For example, when asked to show a different way to find the area of the following rectangle (see
Figure 17) without drawing in all the units, Heidi started by counting the available unit squares to
determine the number of units in a row

Figure 17. Problem used to explore Heidi’s organizing-by-composite process.
and then wrote 5 at the top of Figure 15. She counted the units in the last column with the
help of the available units and wrote 4 along the right side of the rectangle. In an attempt to elicit
the organizing-by-composites process, I asked her to find a different way. First, she chose to iterate
a 1 cm by 2 cm rectangle unit to find the area, but realized it was not efficient. She explained:
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I mean I could make groups of two-unit squares (using the 2 by 1 unit tool) and figure it
out this way [referring from the left to right sides]. I could say two [referring to the first
two-unit squares in the last column] and then four [referring to the total number of unit
squares in the last column] and figure it out that way. I couldn't do that for this side
[pointing to the top] because if I counted by two unit squares, then I'd get to four, and then
I'd have to count up by another unit square and get five [she showed that organizing two
units did not work because the length of the top side was 5 cm]. I thought it would just be
easier to count by one, in that particular problem at least. If this one, in this problem (see
Figure 15), I could have counted by two-unit squares because I have two even numbers
right here [referring to the side lengths of Figure 15], so it would have been easier to do it
that way. Since I have an odd number over here [in the rectangle with dimensions of 4 by
5], it's not really that easy. Same with this one up here [pointed to a rectangle with
dimensions of 3 by 5]. (line 193-204; 11/3/2016)
Heidi paused and then added, “You can line them up this way [meaning from the bottom
to the top] and figure out that there's five columns, but then you still have to figure out how many
rows there are this way [pointing from left to right side]” [lines 228-229; 11/3/2016]. After she
had constructed columns on the 4 cm by 5 cm rectangle in Figure 17, she drew lines to construct
the rows. She found that there were five columns and four rows. She mentioned that she needed to
construct a grid to see how many columns and rows there were in the figure. Then she placed her
pencil horizontally on the first row and iterated through the last row. This was further evidence
that Heidi was organizing-by-composites in her effort to find the number of units that covered a
given rectangle with whole-number side lengths.
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She also used the area formula to calculate the number of units she needed to cover the
figure and mentioned that this method was easier than counting the units one by one. Her effort to
use the formula for the area of the rectangle was evidence that she understood the numerical value
of area as the number of 1 cm by 1 cm units which covered the given rectangle.
Linking Numerical Procedures with Spatial Structuring
To find the area of rectangles with whole number side lengths, Heidi used units-loca ting
and organizing-by-composites processes. She correctly located the unit dimensions of length and
area. For instance, when she was given an image of a 5 cm by 5 cm rectangle and asked to locate
1 cm and 1 square centimeter on the image, she created units of area using the given dimens io ns
(see Figure 18). Figure 18 illustrates her partitioning of the rectangle into a unit of area. She first
drew a 1 cm by 1 cm unit square on the left top corner of the figure to show the location of 1 cm,
but she realized her mistake when she read the second question asking for a 1 square centimeter.
Then, she pointed to the top side of the 1 centimeter unit square, line segment AC, as 1 cm. She
proposed that 1 cm is a line segment when 1 square centimeter is a unit square.

Figure 18. Heidi’s drawing of one-centimeter and one square centimeter.
She explained her reasoning in the following exchange:
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I: How do you know that this [the top side of the 1 cm unit square of the AC line segment]
is 1 cm? (line 279; 11/3/2016)
H: I mean it's [the 1 cm line segment she drew] free-handed. I don't necessarily
know if it's perfect or not, but I can see that there's five centimeters here [she pointed
to the length of line segment AC]. So, knowing that, I wouldn't draw down the
middle [she moved her pencil vertically from the middle of line segment AC to the
line segment BD without drawing]. I'd draw it a little to the side [she moved her
pencil along the first row to simulate locating the unit squares] because they [rows]
have to have room for five of them. (lines 280-282; 11/3/2016)
Heidi demonstrated that the 5-cm one-dimensional measurement of line segment AC
indicated partitioning the AC segment into five 1 cm units. To ascertain whether she could explain
how two-dimensional measurement entails one-dimensional measurement, I asked her to calculate
the area of the 5 cm by 5 cm rectangle, and she said 25 (see Figure 19). Figure 19 illustrates her
partitioning of the rectangle into units of area.

Figure 19. Heidi’s area calculation via partitioning.
Because I was uncertain of her reasoning, I asked her to explain what she had done:
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I: Why do we use the product of 5 by 5? What does the first five mean? What
does the second one mean?
H: The first one is a length and the second one is the width. Squares in the column
and squares in the row. (line 461-462; 2016)
Then, I asked questions to identify how she was thinking about the formula and its
components (the numbers in the formula). Heidi showed evidence of understanding the
relationships between the numbers in the area formula :
H: Five centimeters in length is how long it is this way [partitioning line segment AC], so
how many rows you have. The width will show how many columns are this way
[partitioning line segment AB]. It'll show you how many columns going down you have .
(lines 484-487; 11/3/2016)
I: Okay. What are we multiplying here? Do you mean the number of the squares
in the column times the number of the squares in a row? Am I right? (lines 488-489;
11/3/2016)
H: Yes. (line 490; 11/3/2016)
I: You mean that? (line 491; 11/3/2016)
H: Yes, that is what I mean. (line 492; 11/3/2016)
According to Battista (2004), spatial structuring involves abstracting the components of a
given figure and relating them to each other. In relation to this definition, Heidi saw the area of a
rectangle in terms of rows and columns and saw these rows and columns in terms of unit squares.
Heidi’s abstraction of the rectangle components (i.e., length and width)—along with her perception
of the relationship of these lengths to the grid she created to find the number of 1 cm by 1 cm units
needed to cover the rectangle—suggests that although her explanation of how two-dimensio na l
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measurements link with one-dimensional measurements was inaccurate, she understood the
overall link between numerical procedures and spatial structuring.

She was able to make this

linkage because she efficiently used the units-locating and organizing-by-composites mental
processes simultaneously. Thus, her understanding of the measurement of the area of a rectangle
with whole-number side lengths was at the highest level of Battista’s framework.
Non-whole number side lengths
For rectangles with non-whole number side lengths, Heidi tried to apply both unitslocating and organizing-by-composites mental processes. However, she struggled to correctly
apply both processes. To illustrate Heidi’s attempts to extend her processes, I first provide
examples of her units-locating and organizing-by-composites, which she processed concurrently.
Finally, I share evidence of her efforts to link numerical procedures and spatial structuring.
Units-Locating and Organizing-by-Composites
To find the area of rectangles with non-whole number side lengths, Heidi attempted to use
her units-locating and organizing-by-composites processes, but she struggled to locate dimens io ns
of partial units of area and to differentiate these from area units. For example, when she was given
an image of a 4.3 cm by 6.3 cm rectangle and asked to locate one tenth of a centimeter on the
image, she created units of area using the given dimensions (see Figure 20). Figure 20 illustr ates
her partitioning of the rectangle into units of area. At my request to make her unit clearer, she
redrew the small region she identified as a tenth of a centimeter in the upper left corner of Figure
20 to the right of the image. To construct this image, Heidi first drew the square and then described
partitioning it into 10 equal parts. Finally, she identified the shaded portion of the left interior of
the square as .1 of a centimeter.
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Figure 20. Heidi’s units-locating and organizing-by-composites processes.
Because I was uncertain of her reasoning, I asked her to explain what she had done. She
replied:
If you have a centimeter square right here [drawing a square to the right of the rectangle]
and you need a tenth of a centimeter, then it's [drawing a segment from the top to the base
of the square and coloring in the region between the left side and the drawn segment] going
to be one tenth of this whole thing [the square]. It's [the shaded region] going to be very
small because you need to fill this [the square] up with ten of these [referring to the shaded
region she used her pencil to show where the partitions of the square would be drawn].
That [the shaded region she drew close to the left side] would be one-tenth. (Lines 325327; 11/3/2016)
This explanation illustrates that Heidi located a tenth of a centimeter on the square as a region
rather than as a side of a square unit embedded in the rectangle. Heidi associated a tenth of a
centimeter with a unit of area rather than a unit of length. During her explanation, Heidi
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demonstrated her use of organizing-by-composites. After locating a tenth of a centimeter as a
region, Heidi partitioned the square into 10 equal parts, which suggested that she viewed the square
in terms of its spatial components. Furthermore, she showed that she thought of the unit as a
composite by iterating the unit of area she named one-tenth of a centimeter.
Consistent with her approach to locating one-tenth of a unit within a square unit of area,
Heidi treated one-tenth of a centimeter times one-tenth of a centimeter as a unit of length but
represented it as a unit of area. To locate one-tenth of a centimeter times one-tenth of a centimeter,
Heidi began by finding the product of the tenths. She correctly calculated the product as 0.01, and
then located 0.01 on the rectangle. She drew a line segment in the upper left corner of Figure 20
between the left side line segment and the line segment which was the right boundary side of 0.1
cm in the same section. Figure 21 illustrates her partitioning of the unit square in the upper left
corner of the given rectangle to units of area. I enlarged her drawing of locations of a tenth of a
centimeter, and a tenth of a centimeter times a tenth of a centimeter. To locate a tenth of a
centimeter, she first identified the location of one centimeter and then partitioned it into 10 equal
parts. Then, she learned a tenth of a centimeter times a tenth of a centimeter is smaller than a tenth
of centimeter and perceptually located it on the left side of a tenth of a centimeter instead of
partitioning a tenth of centimeter into 10 equal parts.
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Figure 21. Heidi’s model for a tenth of a centimeter and a tenth of a centimeter times a
tenth of centimeter.
As she constructed her drawing, Heidi explained that a tenth of a centimeter times a tenth
of a centimeter “is a lot smaller than a tenth of a centimeter. When you multiply decimals, they get
smaller” (Line 338; 11/3/2016). Heidi’s description and actions suggest that by multiplying the
two quantities, she created a product she located as a region of area. In her effort to locate a tenth
of a centimeter, Heidi created a region that corresponds with what she identified as “0.01”
centimeter.
These two examples represent Heidi’s processes of units-locating and organizing- bycomposites with a part of a unit. Given either a one-dimensional quantity in numerical form or an
expression of a two-dimensional quantity, Heidi located the quantity or the product of quantities
as a part of a unit of area.
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In another example, Heidi’s mental processes were examined inverse ly. For instance, I
asked her to locate a numerical value [0.09] of area on the same image as Figure 20. She partitioned
a partial unit in the upper right corner of the given rectangle. She drew a line segment too close to
the right side of the partial unit in the upper right corner. To more clearly represent her drawing, I
have recreated it in Figure 22.

Figure 22. Heidi’s locating 0.09 square centimeter.
In Figure 22, I enlarged a partial unit in the upper right corner of the given rectangle to
illustrate her partitioning of the partial unit square to units of area.
Because I was uncertain of her reasoning, I asked her to explain what she had done.
I: To locate 0.09 square centimeter, did you draw a line segment?
H: Yes [drawing a segment from the top to the base of the partial unit in the upper top
right side and coloring in the region between the right side and the drawn segment].
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I: I just want to make sure it [0.09 square centimeter] is a line segment?
H: Yes.
I: Not a box?
H: Right.
I: Did you use this box because of showing the numerical value (.0.09 cm2 )?
H: Yeah, it was for showing you that (Line 423-431;
11/3/2016)
This explanation illustrates that Heidi thought 0.09 square centimeters was a onedimensional measurement; however, she located 0.09 square centimeters as a region because she
thought it was a way to show one-dimensional measurement.

She was also confused about the

dimensions. She thought the length of the top side was one centimeter and 0.09 square centimeters
was 0.9 centimeters. Thus, she perceptually located 0.09 square centimeters too close to the right
side of the partial unit. Heidi’s description and actions demonstrated that she struggled to use unitslocating and organizing-by-composites with decimal lengths.
Before making a decision about Heidi’s use of units-locating and organizing- bycomposites mental processes and her understanding of the connection between numer ica l
procedures and spatial structures, I asked Heidi one more question: show the number of square
centimeters included in Figure 20. She correctly located all whole and partial units. However, she
was confused about linking numerical procedures for calculating area with spatial structuring for
a partial square with decimal side lengths.
Linking Numerical Procedures with Spatial Structuring
In Battista’s framework, describing students’ ability to link numerical procedures and
spatial structuring is a significant component of identifying students’ exact levels of understanding
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of area measurement. Heidi divided the top side into units (see Figure 20) and took a few moments
to think. I reminded her that she could use any tools. She chose the 1 cm by 2 cm rectangle unit
and used it as a straight edge to draw rows and columns. She then extended her units-locating and
organizing-by-composites process to the 4.3 cm by 6.3 cm rectangle. She first created grids without
focusing on the decimal portion of the sides. Then, she realized her mistake of ignoring the decimal
parts and fixed it by erasing and creating the correct grids. She drew all rows by iterating the 1 cm
by 2 cm rectangle instead of iterating the rows or columns.
When she used the area formula to compute the area of the rectangle, she began with the
whole number units by multiplying 4 by 6, therefore decomposing 4.3 and 6.3 into whole and
factional parts (4+0.3) (6+0.3). As she computed, she left out one partial product (0.3  0.3). She
explained her reasoning as:
I did these ones [4  6] first because that would be the easiest number to get which would
be 24. Then I did 6  0.3 because there's 0.3 over here [she pointed to the 0.3 part of the
line segment AC]. Then I did 4 x 0.3 because there's a 0.3 over there [she pointed to the
0.3 part of line segment CD]. So, I have 1.2 and 1.8 plus 24 is 27 (lines 365-368; 11/3/2016)
When she began counting whole units and partial units on the image, she realized that she
left out a small (0.3 × 0.3) square in the left bottom corner of the figure. Then, she said “I don't
know how to account for this part [referring to 0.3 × 0.3 square]” (Line 384; 11/3/2016). Heidi
decomposed the given rectangle into smaller rectangles to use the area formula. In addition, she
was confused as to what to do with the 0.3 × 0.3 square. These two issues provide evidence of
Heidi’s difficulty with decimals and its impact on her understanding of the area measurement of
rectangles.
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To find the number of units needed to cover the 4.3 cm by 6.3 cm rectangle, Heidi extended
her units-locating and organizing-by-composite processes in situations with non-whole number
rectangular side lengths. However, she struggled to connect her numerical procedures and the
spatial structuring she had used in situations where the rectangles had non-whole number lengths.
Although she had difficulty accurately drawing units on the figures, she correctly drew the units.
To measure the area of the given figure, she decomposed the given figure into rectangles. However,
she did not measure and add the area of the 0.3 cm by 0.3 cm square in the process of calculating
the area of the figure.
In conclusion, Heidi successfully used units-locating and organizing-by-composite mental
processes with whole number side lengths. She struggled to use these mental processes for twodimensional measurement. Number types (whole numbers and decimals) affected Heidi’s
understanding of the measurement of rectangle area. She linked numerical procedures and spatial
structuring when the rectangles had whole number lengths. She struggled when the tasks required
that she extend her processes to situations where there were decimal number side lengths.
Catherine’s Understanding the Measurement of the Area of Rectangles
Introduction
Catherine was a junior enrolled in “Teaching Mathematics in Elementary School” during
the 2016 fall semester. Her educational goal was to acquire enough knowledge and experience to
be able to serve students well in the future. She was in a gifted and talented program during
elementary and middle school. She took geometry in high school. In college, she tested out of
courses in trigonometry and geometry and took calculus 1, 2, 3, and linear algebra. She shared
with me that she liked mathematics, scored higher when she understood the mathematics, and
scored lower if she did not try hard enough or did not understand the concepts. Regarding her
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confidence in mathematics, she said, “I’m very confident in mathematics. In the concept of area,
I’m pretty confident” (Line 69; 10/27/2016).
Catherine defined area as “the space within a fixed shape. The space in here [the inside of
the rectangle], a two-dimensional shape or a two-dimensional space that we are calculating. It’s
the area that’s held within those boundaries” (lines 79-81; 10/27/2016) (see Figure 23).

Figure 23. Catherine’s drawing of area.
According to Catherine, an understanding of the concept of area means knowing it well
enough to be able to see how it works, how to apply it, and how to repeat that process within a
new context. She also indicated that being provided a lot of different examples by her teachers
helped her in mathematics. She said, “Just seeing different examples or, yeah, I don’t know, just
kind of doing it again and again and again for me, took a while and helps understanding” (lines
120-121; 10/27/2016). She explained that she felt satisfied when she saw how concepts worked
and was able to repeat that process within a new context. On the other hand, she felt very frustrated
when she could not. To achieve understanding, she stated that she read the textbook, talked to her
teacher about the concept, looked the concept up online, watched videos, and asked friends.
When I asked about her experiences using technology in mathematics, Catherine responded
that she had little experience using technology. She had been shown some technology, includ ing
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PowerPoint, a smart board, and a Geoboard in her mathematics methods course. She defined the
rectangles by saying they “have to have four sides and four right angles in their corners” (lines
250-251; 10/27/2016). She indicated that she found it easier to measure the area of a rectangle
because she knew the equation. She could determine the lengths of the sides and use the area
formula for a rectangle to measure the area.
Understanding of the Measurement of the Area of Rectangles
Whole number side lengths
Catherine showed evidence of units-locating and organizing-by-composites mental
processes. She linked numerical procedures with spatial structuring. Thus, her understanding of
the measurement of the area of a rectangle with whole number side length was of the highest level
(Battista, 2004). In the following, I share evidence of Catherine’s mental, spatial structuring, and
computational processes.
Units-Locating and Organizing-By-Composites
The units-locating process requires correctly coordinating the locations of units in rows or
columns. Catherine had two different strategies to locate units. Her first approach was similar to
Heidi’s. She thought the number of units she needed to cover the rectangle could be found using
the rectangle area formula. Then, she decided to find the dimensions of the rectangle. She began
by counting the unit squares in a row and column. She then multiplied these two numbers to
calculate the number of squares she needed to cover the given rectangle. Catherine used area units
to determine the numbers of units in a row and column. She used her pencil or finger to point to
square units along the length and width of the rectangle (see Figure 24) and counted one by one.
Figure 24 shows examples of her counting approach. For the left shape in Figure 24, she said:
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This rectangle has a width of three squares [she pointed with her pen to the last row and
counted the unit squares in the row]. I know that because there’s two little lines [the two
points on the bottom side of the rectangle] between, so that means that there is a width of
three squares [she used units-locating], and height of one, two, three, four, five, six, seven
squares [she pointed with her pen to the last column and moved her pen from the bottom
to the top of the last column and counted unit squares] (lines 27-30; 11/3/2016)
Then, she multiplied 3 by 7 to find 21 unit squares.

Figure 24. Catherine locating units by pointing with her pen and finger.
Catherine was asked to find the numbers of unit squares she needed to cover the given
rectangle (see Figure 25). For the rectangle arrays of units that were not shown in the interior of
the rectangle, Catherine labeled the unit squares one by one. She did not draw lines in the rectangle.
She commented, “I wanted to label them [she pointed to the unit squares in the last row] so that it
wasn’t taking up the whole amount of space. When I did a top right [the numbers she wrote in the
top right rectangle unit squares], you could see a grid layout format in it. Clear now?” [lines 240242; 11/03/2016].
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Figure 25. Catherine’s units-locating by labeling unit squares.
Catherine used two strategies to locate units: physical tools (pen and finger) and labeling
unit squares. She correctly coordinated the location of the units, which is beyond what is necessary
to use the area formula. In other words, she sufficiently used the units-locating process to cover
the given figure.
Catherine’s units-locating process helped her to use the organizing-by-composites mental
process. She first constructed an array of units as a starting point for using organizing- bycomposites. As we saw in Heidi’s case study, Catherine also exhibited two levels of the organizingby-composites process. These levels (Battista, 2004) were organizing-by-composites with less
than and with maximum components.
Catherine used units-locating and organizing-by-composites together in two differe nt
ways. First, she used units-locating with organizing-by-composites with less than maximum
composites (Battista, 2004). For example, she preferred to use and iterate two different tools (1 cm
by 1 cm square unit and 1 cm by 2 cm rectangle unit) together to determine the units in rows and
columns (see Figure 26). Figure 26 demonstrates how she simultaneously utilized these tools on
a row. First, Catherine used the 1 cm by 2 cm rectangle unit to cover the columns. She placed the
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1 cm by 2 cm rectangle unit on the first column and moved from the left side to the right side to
cover all columns. Then, she rotated the 1 cm by 2 cm unit to cover the last row and completed the
covering process. Because the last row included five units, she used 1 cm by 2 cm twice and then
used 1 cm by 1cm to cover it. She covered the column, which comprised three unit squares, with
fewer than the maximum number of units in the column. She then covered the other four columns
with the same number of units (moving a 1 cm by 1 cm unit and 1 cm by 2 cm rectangle unit)
instead of covering them by iterating the column. She covered the row composed of five unit
squares with fewer than the maximum number of units in the row. To continue, she covered the
other two rows with the same number of units instead of covering them by iterating the row. She
moved 1 cm by 1 cm unit and 1 cm by 2 cm rectangle unit from the right side to the left side of the
rows. She chose to use less than the full number of squares in her covering process.

Figure 26. An example of Catherine’s using unit-locating and organizing-by-composites.
Catherine also preferred to use units-locating followed by organizing-by-composites with
maximum composites (see Figure 27). As shown in Figure 27, she drew arrows from the visible
squares to the first row to locate the units of the first row. Afterward she iterated the first row to
the last row. She explained:
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S: What I’m saying, you can slide this up. So, you know that’s 1, 2, 3, 4, 5, so it’s a length
of five (she was moving her pen from the visible squares to the first row without drawing).
If I drew arrows, so that’s 1,2,3,4,5.
I: Did you count the first row?
S: Yeah, the top row [first row] because these [unit squares] all slide together, like if you
push them [unit squares in the first row] down (she used her finger and iterated the first
column across to right), they wouldn’t be overlapping, so I know that makes the first row.
(lines 259-265; 11/3/2016)

Figure 27. Catherine’s unit-locating and organizing-by-composites strategies.
While she used fewer than the maximum number of composites to cover the more
obstructed rectangles, she used the maximum number of composites to cover the rectangles, which
included some perceptually available units. For example, in Figure 27, Catherine first used the
units-locating process to correctly locate the units in the first row, which included five units, and
she iterated the first row through the bottom side with all units included. Despite this distinctio n,
these findings demonstrate that she was comfortable with coordinating these two mental processes.
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Linking Numerical Procedures with Spatial Structuring
Like Heidi, Catherine’s understanding of the relationship between numerical procedures
and spatial structuring was of the highest level (Battista, 2004). In order to demonstrate Catherine’s
understanding of the relationship, I describe her units-locating and organizing-by-compos ites
mental processes used in different tasks. I gave her numerical values for different dimensions and
asked her to locate them. I also asked her to explain the area of the figure to confirm that she could
explain it in the terms of spatial structuring.
Catherine correctly located the dimensions of units of length and units of area. For
example, when she was given an image of a 5 cm by 5 cm rectangle and asked to locate 1 cm, she
divided the top side into units of length (see Figure 28). Figure 28 illustrates her partitioning of the
rectangle into a unit of area. Because I was uncertain of her reasoning, I asked her to explain what
she had done. She replied:
I knew that [is] five centimeters [she moved her pencil on line segment AB]. If I partitioned
it [line segment AB] by starting at the halfway point, then that would give me an even
number of partitions, so I … found halfway and kind of chose either side of that [she
pointed to the middle of the line segment AB]. And then I knew I had to do two on either
side [she was still working on line segment AB], because you have to make four marks to
make 5 different segments. This is 1, 2, 3, 4, 5 [she pointed to] the line segment AB and
counted the spaces between these points by moving her pencil along the line segment AB]
(lines 346-349; 11/3/ 2016)
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Figure 28. Catherine’s identification of one and two-dimensional measurements.
This explanation shows that Catherine first partitioned the top side (segment AC) of the rectangle
to find the unit of length and then identified a point on the side as 1 cm.
When I asked her to show where a 1 square centimeter was in the given shape, she
identified one square centimeter as a product by saying “a one-square centimeter is one centimeter
by one centimeter” (line 354; 11/3/2016). Then, she visually estimated a distance on the line
segment AC as one centimeter and drew a unit square on the left top corner of the given shape.
She explained her thinking as follows:
I approximated the one centimeter on this side [she pointed to the line segment AC]. I knew
it would be about the same because they’re both [the line segments AB and AC] five
centimeters, these [the cm lengths of AB and AC] should be about the same. And then I
drew the line [she pointed to the 1 cm line segments she drew on AB and AC as sides of a
unit square in the given shape] extending it up there (lines 372-375; 11/3/2016)
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Like Heidi, Catherine also linked the relationships between one and two-dimensio na l
measurements. To investigate her understanding of these relationships, I asked her to explain what
she thought about the area of the 5 cm by 5 cm rectangle. She responded:
The total space that this box contains, in a two-dimensional box [that] contains this space,
which would be 25 centimeters squared, so you take 25 individual centimeters : 25. A
square like this [which she drew in the top left corner of the rectangle], which is a one
centimeter by one centimeter and I could use 25 of this [square she drew in the top left
corner of the rectangle] to cover the entire surface. (lines 478-481; 11/3/2016)
Like Heidi, Catherine also demonstrated the highest level of understanding of the
measurement of the area of a rectangle with whole-number side lengths, according to Battista’s
(2004) levels of sophistication. She understood that one-dimensional measurements can produce
two-dimensional measurements. She coordinated unit-locating and organizing-by-composites to
relate the numerical procedures for area and spatial structuring.
Non-whole number side lengths
Catherine struggled to extend both of her units-locating and organizing-by-compos ites
processes to rectangles with non-whole number side lengths. To demonstrate Catherine’s efforts
to extend her mental processes, I first share examples of her units-locating and organizing- bycomposites. Finally, I provide evidence of her attempts to link the numerical procedures and spatial
structuring.
Units-Locating and Organizing- by-Composites
Catherine used units-locating and organizing-by-composites processes to find the area of
rectangles with non-whole number side lengths. Like Heidi, Catherine also struggled to distinguis h
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partial units of area from whole units of area. She explained these processes with her correct
response when she was given a 4.3 cm by 6.3 cm shape and asked to determine where a tenth of a
centimeter was in the shape (see Figure 29). Figure 29 demonstrates her partitioning of the
rectangle. First, she visually partitioned the line segment AC into units. She then marked an
approximate point on the unit, which was close to point A on the line segment AC, as a tenth of a
centimeter.

Figure 29. Catherine’s partitioning of line segments and decomposition of the given
figure.
Consistent with her approach to locating a tenth of a centimeter on the line segment AC,
Catherine treated a tenth of a centimeter times a tenth of a centimeter as a unit of length, and
represented it as a unit of length. Before the using her units-locating process, Catherine found the
product of the tenths. She correctly found the product to be 0.01. Catherine marked a point between
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a tenth of a centimeter and point A on the line segment AC as a tenth of a centimeter times a tenth
of a centimeter. To more clearly represent her drawing, I have recreated it in Figure 30. Figure 30
illustrates her partitioning of segment AC of the given rectangle to locate a tenth of a centimeter
and a tenth of a centimeter times a tenth of a centimeter. Catherine located a tenth of a centimeter
by perceptual partitioning one centimeter into 10 equal parts. She then perceptually located 0.01
to the left of a tenth of a centimeter on AC.

Figure 30. Catherine’s representation of 0.1cm, and 0.1cm times 0.1cm.
Because I was uncertain of her reasoning, I asked her to explain what she had done. She
answered:
S: That’s confusing because in area we talk about centimeters squared, and that means
something by something, which would be—but that’s about the centimeter itself. The
centimeter is squared, not the unit, so that’s not it. A tenth of a centimeter times a tenth of
a centimeter on the shape would be like right here [she marked a point on the line segment
AC between the point A and a tenth of centimeter]
I: There will just be a point or a line, or will it be a shape?
S: A point. [lines 396-401; 11/3/2016]
This explanation illustrates that Catherine treated a tenth of a centimeter times a tenth of a
centimeter as a unit of length instead of a unit of area. She multiplied numbers, not units, which
was evidence of a deficiency in her units-locating process. During her explanation, Catherine
partitioned the segments into equal 1 unit segments. This suggests that she viewed the sides in
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terms of spatial components. In addition, she knew that partitioning the sides helped her to
construct rows and columns. She decomposed the given rectangles based on her partitioning of the
lengths AC and AB. She used her organizing-by-composite process based on her experience from
the whole numbers portion. However, she located 0.01 at the left top corner without partitioning.
In other words, she approximated the location of 0.01. This demonstrates that her units-loca ting
process is problematic.
To further examine Catherine’s use of units-locating and organizing-by-compos ites
processes, I asked her to locate a numerical value [0.09] of area on the same image as Figure 29.
Her partitioning of a partial unit in the upper right corner of the given rectangles is shown in Figure
29. Taking the word “square” in the phrase “square centimeter” as a cue, she drew a square with
0.09 area in the upper right corner. At my request, she reflected on its dimensions. She identified
the length of each of its sides as 0.09 centimeters. This is evidence that Catherine thought 0.09
square centimeters was two-dimensional, but she had difficulty identifying the dimensions of a
rectangle using

her two-dimensional measurements.

Catherine’s description

and actions

demonstrated that she had difficulty with units-locating and organizing-by-composites processes
when changing from whole numbers to decimal numbers.
In order to confirm her understanding of the area measurements of rectangles, I focused on
her efforts to find the area of the given rectangle. I asked Catherine to show the number of square
centimeters included in Figure 29. Her structuring arrays suggest that her units-locating is more
sufficient than her organizing-by-composites process.
Linking Numerical Procedures with Spatial Structuring
Catherine partitioned the line segments AB and AC (see Figure 29) and then decomposed
the given figure into three sub rectangles, which measured 4 cm by 6 cm, 6.3 cm by 0.3 cm, and 4
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cm by 0.3 cm (see Figure 29). She referenced line segments as a set of one-dimensio na l
measurements and the given rectangle as a set of smaller rectangles. According to Battista (2004),
this shows a basic level of spatial structuring. However, she did not use units-locating or
organizing-by-composites on this problem. she preferred to use computations to find the area (see
Figure 31). Figure 31 illustrates that she computed the areas of these sub-regions by multiplying
the side lengths, using the area formula, and adding them together to find the area of the 4.3 cm
by 6.3 cm rectangle.

Figure 31. Catherine’s computation process to find the area of the given rectangle.
In this part, Catherine only showed evidence of correctly locating the one-dimensio na l
measurements. Although this is a significant step in the units-locating process, she did not correctly
locate the units in the given rectangle. She decomposed the figure but did not relate or use the
components to create new structures, which are essential operations in the organizing- bycomposites process.
When dealing with whole number side lengths, Catherine understood that she needed one-

83
dimensional measurements to get to two-dimensional measurements. She mentioned this
understanding herself during our conversation. She understood that the area of each small rectangle
is determined by the number of unit squares within it. To explain the formula meanings of width
and length, she moved her hand from the column on the left side to the right side of the 4 cm by 6
cm rectangle. However, she did not apply this action to a figure with non-whole number side
lengths. She correctly and meaningfully partitioned the line segments in a whole number side
larger than zero. However, she failed to coordinate the decimal numbers of both one- and twodimensional measurements.
Similar to Heidi, Catherine tried to extend her mental processes and understanding of the
relationships between numerical and spatial structuring in whole number side lengths to non-whole
number side lengths. However, the number types also affected Catherine’s understanding of the
measurement of area and resulted in her confusion with spatial structuring.
Adele’s Understanding of the Measurement of the Area of Rectangles
Introduction
During the 2016 fall semester, Adele was a junior enrolled in a “Teaching Mathematics in
Elementary School” course, which she hoped would contribute to her educational goal of learning
to be the best kindergarten through sixth grade teacher she could be. She had taken MA 137 (which
covering problem solving, numerical systems, and numerical theories) and MA 139 (which
included measurement and spatial reasoning).
Although Adele said mathematics always gave her anxiety, she generally received A’s in
her mathematics courses, mainly because she spent hours doing her homework in order to
understand concepts. If she had difficulty understanding mathematics, she chose to study hard to
meet the challenges rather than giving up. Because she feared looking stupid in the classroom, she
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never asked questions in class and instead waited to go home and asked her mother. Adele said
that she hoped to create a classroom environment where her students felt free to take risks, ask all
of their questions, and get an answer wrong without feeling bad about it.
Adele defined “concept of area” as follows:
Area is just kind of like a surface level of how much something takes space, like how much
space something takes up. Area is just two-dimensional and so, it’s just how much space
an object takes. This is the area (see Figure 32): how much we can fit in here [inside of
Figure 30]. (lines 80-82; 10/28/2016)

Figure 32. Adele’s drawn definition of area.
According to Adele, understanding a mathematics concept means first having the ability to
use it to analyze a problem, figure out the correct way to solve it, and finally to solve it. Thus, she
indicated that in order to understand area, “we would first have to take the measurements of sides,
and then we are trying to figure out the amount of space in objects to find the area of this [Figure
32]” (lines 114-115; 10/28/2016). When I asked what helped her to understand a mathema tics
concept, she highlighted the importance of repetition until the concept made sense. She mentioned
that she sought help from her mother, textbooks, and online videos.
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After she mentioned online videos, I asked if she had used any other technology to help
her understanding. She had concerns about mathematics and felt anxiety about using technology
to learn mathematics, so she hadn’t further explored the use of technological tools for this purpose.
However, she said, “I think I’d have to look at the program first, but I could probably figure it out”
(line 181; 10/28/2016).
Adele elaborated on the area measurement of different figures. She observed that although
the ways to measure the areas of different shapes are not same, “As long as you have the formulas
and you can have a measuring tool, way your measurements should be relatively easy and
accurate.” (Line 308; 10/28/2016). She mentioned the importance of teaching the concept of area
in elementary school:
And it’s kind of like a way for them to start thinking about equations, so number sense and
understanding numbers and recognizing numbers, understanding how to count and
understanding how to keep numbers in order. I mean, so like area is kind of one of the first
formulas that children learn how to count. (Lines 313-316; 10/28/2016)
Understanding the Measurement of Area of Rectangle
Whole number side lengths
Adele’s level of understanding of rectangular area measurement was the same as Heidi’s
and Catherine’s. She accurately coordinated both unit-locating and organizing-by-composites. As
a result of this coordination, she understood the link between spatial structuring and computatio n
procedures for rectangles with whole number side lengths.
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Units-Locating and Organizing-By-Composites
Adele’s two strategies of unit-locating were similar to Heidi’s and Catherine’s processes.
She also used the unit of area by counting the unit squares in the first column and the last row (see
Figure 33). She said:
I would look at how many squares are on the side [the left side of the figure], and I count
1, 2, 3, 4, 5, 6, 7 [she perceptually created a column and counted unit squares in it]. And
then I’m going to count how many squares would fit on this side [the bottom line], and I
count 1, 2, 3 [she perceptually created the last row and counted unit squares in it]. (lines
28-30; 11/4/2016)

Figure 33. Adele’s unit-locating process to find a unit of area.
In situations where arrays of units were obscured in the rectangle interior (See Figure 34),
Adele needed an extra step to locate all of the units, so she combined the two strategies Heidi and
Catherine had used separately. She started by labeling, as Catherine had done, and then used her
finger to count the unit squares in the first column and the last row (see the left side of Figure 34).
She did not complete labeling as Catherine did. Then she multiplied these numbers of area units
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to calculate how many unit squares she needed to cover the given figure. When I asked her to
locate all the units, she used the 1 cm by 2 cm rectangle unit tool. Normally, using this unit shows
less than maximum organizing-by-composites; however, she used this tool as a ruler to quickly
locate units (see the right shape in Figure 34). When she was asked why she preferred to use the
tool, she said, “because it’s faster” (line 67; 11/4/2016).

Figure 34. Adele’s unit-locating process using units of area and a physical object.
As in Heidi’s and Catherine’s cases, Adele’s unit-locating process also influenced her to
use the organizing-by-components mental process. Adele was given a 4 cm by 5 cm rectangle (see
Figure 35). She first used units-locating and then organizing-by-composites mental processes. She
located the units in the first row using the available unit squares from the given figure. She
perceptually moved these squares to the first row to create an array of units (indicated by the thin
arrows). Then, she iterated the first row from the top to the bottom line (indicated by the thick
horizontal arrows). She explained her reasoning as follows:
S: I’m trying to visualize how many squares can fit horizontally on the first row, so actually
I really don’t need to because I could just count these boxes right here [she pointed to the
interior of the figure]. So, 1, 2, 3, 4, 5 [she counted the perceptually available unit squares
in Figure 35]. I know that five can go horizontally and it doesn’t really matter that they’re
[the perceptually available interior squares] not in the same row. I just know that five can
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fit across. And the same thing for here [the last row]. I’m going to count how many can fit
vertically going down, so 1, 2, 3, 4 [she counted just one perceptually available unit square
in each row and decided there were four rows]. So, four. So, my prediction is that 20
squares can fit in this rectangle (lines 159-165; 11/4/2016)
After unit-locating, she iterated the first row with whole units, which means she used organizingby-composites with maximum composites.

Figure 35. Adele’s unit-locating and organizing-by-composites mental processes.
To understand the importance of the relationship between Adele’s units-locating and
organizing-by-composites processes, I examined her thinking in response to a more abstract
question. She was given a 3 cm by 5 cm rectangle (see Figure 36). While she easily decided the
length because of the perceptual-availability of the units on the side, she had difficulty estimating
the width because not all units were perceptually available. In order find the width, she
perceptually rotated the rectangle so the short side was horizontal. Then, she placed her pen
horizontally across the first row of the rectangle and moved it down from the top, performing an
iteration of the row (see figure 36). After using a 1 cm by 2 cm rectangle unit to create a grid, she
realized that her prediction of the size of the width was wrong. She explained her thinking: “I was
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trying to visualize how many boxes could fit horizontally on the top row, and I estimated six, but
really only five boxes can fit horizontally on the first row” (lines 133-135; 11/4/2016).

Figure 36. Adele’s use of organizing-by-composites with maximum composites.
These operations demonstrate Adele’s comfort with the organizing-by-composites process as well
as her correct and meaningful use of the unit-locating process (as in the cases of Heidi and
Catherine).
Linking Numerical Procedures with Spatial Structuring
To investigate Adele’s understanding of area measurement, I focused on her understanding
of the relationships between spatial structuring and numerical procedures. I asked Adele to show
one centimeter and one square centimeter on the given 5 cm by 5 cm rectangle (see Figure 37).
She pointed to the line segment AC and said it was 5 centimeters. Then, she drew a short line
segment on the line segment AC as one centimeter. She explained her thinking as follows:
I’m just using an educated guess and kind of like estimating and visualizing based off this
measurement [she pointed to the line segment AC] and this is like five centimeters. Just
what I know from seeing a ruler and seeing how much one centimeter is, I tried to make as
close to an accurate guess as I could for a centimeter. And then, I figured, I kind of like
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visualized how long it [she pointed to the line segment AC] would need to be and visualized
like five could fit into here [she pointed to the line segment AC]. (lines 250-255; 11/4/2016)

Figure 37. Adele’s linking of spatial structuring with computation procedures.
She treated one centimeter as a unit of length. Then, she created a unit square in the left
top corner of the given rectangle to show the location of one square centimeter. She understood
she had created a unit of area. She explained,
Well, squares have equal sides so I tried to make this [a side of the unit square in the given
figure] about the same length that I made this [she pointed to a side of the unit square which
was on the line segment AC]... I just used my visualization to get to this point [the right
bottom corner of the unit square], and after this point, I just had to follow a line [the bottom
side of the unit square] until I got to the edge [the left side of the given rectangle] of the
rectangle. (lines 262-263, 267-268; 11/4/2016)
She understood that one square centimeter is composed of four 1 cm lines. Her explanatio n
of area provided more evidence of her understanding of the relationships between linear and area
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measurement. She used the area formula and found that the area of a 5 cm by 5 cm rectangle was
25 square centimeters. To explain the meaning of the numbers in the area formula, she drew five
unit squares in the first row and said:
I knew that there could be like five rows going vertically and horizontally. I guess I’m
looking at, this would be the first row [she located units in the first row using a 1 cm by 2
cm unit rectangle as a ruler], so this is one row of five [she pointed to the first row] and
there can be five rows that go, that can fit [she iterated the first row using her pencil]. (lines
274-276; 11/4/2016)
This explanation determined that she understood how two-dimensional measurements result from
one-dimensional measurements.
Overall, Adele used units-locating and organizing-by-composites mental processes
accurately and meaningfully. In addition, she combined them to link the spatial structuring and
numerical procedures. Thus, Adele’s understanding of the measurement of the area of a rectangle
with whole-number length sides was of the highest level, according to Battista’s (2004) conceptual
framework
Non-whole number side lengths
For rectangles with non-whole number side lengths, Adele tried to extend both units locating and organizing-by-composites mental processes, though she had difficulties doing so. To
illustrate Adele’s attempts to extend her processes, I provided examples of her units-locating and
organizing-by-composites processes. Then, I shared evidence of her efforts to link numer ica l
procedures and spatial structuring.
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Units-Locating and Organizing-by-Composites
To find the area of rectangles with non-whole number side lengths, Adele used her unitslocating and organizing-by-composites processes. She struggled to locate the dimensions of
partial units of area and to differentiate these dimensions from area units. For example, when she
was given an image of a 4.3 cm by 6.3 cm rectangle and asked to locate one tenth of a centimeter on
the image, she created units of area using the given dimensions (see Figure 38). Figure 38
illustrates her partitioning of the rectangle into units.

Figure 38. Adele’s representation of decimal numbers.
She attempted to extend her understanding of units of length for whole numbers to decimal
numbers. She marked a point on the line segment AC as a tenth of a centimeter. Because I was
uncertain of her reasoning, I asked her to explain what she had done. She responded:
I just tried to go back to this line right here [she pointed to segment AC on the 5 cm by 5
cm rectangle in Figure 37] and tried to visualize a line similar to its length on here [line
segment AC of the 4.3 cm by 6.3 cm rectangle]. I tried to break this [she pointed to the unit
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square she drew on AC of the 5 cm by 5 cm rectangle] up into tenths. I visualized a
centimeter and broke it up into ten on AC for figure 38. (lines 278-280; 11/4/2016)
This explanation showed that Adele visualized and located 0.1cm on AC as a part of a side
of a unit square embedded in the rectangle. She applied her understanding of whole number side
lengths to non-whole number side lengths for one-dimensional measurements. During her
explanation, Adele demonstrated her use of organizing-by-composites for one-dimensio na l
measurements when she talked about partitioning. Before locating one-tenth of a centimeter as a
point on the line segment AC, Adele motioned to partition a side of the unit square into ten equal
parts. This suggests that she viewed the line segment in terms of its spatial components. She also
thought of the length as a composite generated by iterating the unit of length by saying ten 0.1 cms
make 1 cm.
Adele’s approach to locating a tenth of a centimeter times a tenth of a centimeter was
consistent with her approach to locating one tenth of a centimeter. Adele treated one-tenth of a
centimeter times one-tenth of a centimeter as a unit of length. When she was asked to show a tenth
of a centimeter times a tenth of a centimeter, she multiplied these two numbers together and got a
hundredth of a centimeter. She correctly found the product to be 0.01. Like Heidi and Catherine’s
cases, I have recreated it in Figure 39 to more clearly represent her drawing. Figure 39 illustr ates
her partitioning of AC to locate a tenth of a centimeter and a tenth of a centimeter times a tenth of
a centimeter. Like Catherine, Adele also used same strategies to locate a tenth of centimeter and a
tenth of centimeter times a tenth of centimeter. Thus, I created almost same drawing for Adele (see
Figure 39).
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Figure 39. Adele’s representation of 0.1 cm and 0.1 cm times 0.1 cm.
As she constructed her drawing, Adele said, “one out of a tenth is more than one out of a
hundredth” (Lines 299; 11/4/2016). She marked a point between a tenth of a centimeter in the
upper left corner of the 4.3 cm by 6.3 cm rectangle.
These two examples, we see Adele’s processes of units-locating and organizing- bycomposites with a part of a unit. Given either a one-dimensional quantity in numerical form or an
expression of a two-dimensional quantity, Adele located the quantity or the product of quantities
as a unit of length.
To further investigate Adele’s units-locating and organizing-by-composites processes, I
asked her to locate a 0.09 square centimeter was on the same image in Figure 38. She did not
generate a partial unit. She marked a point between 0.1 cm and 0.01 cm on the line segment AC .
She then said, “the zero point zero nine [0.09] would have to be in the middle” (Line 305;
11/4/2016). This explanation illustrates that Adele thought 0.09 square centimeter was a onedimensional measurement. Adele’s description and actions demonstrate her difficulty using unitslocating and organizing-by-composites within a decimal context. I draw this conclusion since
Adele struggled to locate decimal units of area. In addition, she used partitioning to create 0.1 but
did not extend her use of this process for other decimal quantities.
Before making a decision about her use of units-locating and organizing-by-compos ites
mental processes and understanding of the connection between the area formula and spatial
structures, I asked Adele one more question. I asked her to show the number of square centimeters
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included in Figure 38. The structure of her arrays demonstrated that her units-locating and
organizing-by-composite processes were sufficient, and she correctly located all whole and partial
units. However, she was confused by linking numerical procedures with spatial structuring for a
partial square with decimal side lengths.
Linking Numerical Procedures with Spatial Structuring
To deeply investigate her understanding of the relationships, I focused on observing her
thinking about finding the area of the given figure. She correctly multiplied 4.3 cm by 6.3 cm and
got 27.09 square centimeters. She said, “there’d be 27 squares and then there’d be part of a square”
(line 457; 11/4/2016). This was first time she tried to extend her organizing-by-composites process
as a unit of area. She sufficiently located four whole units and a partial unit in the first row and
perceptually covered each row using the same strategy. However, the partial unit confused her,
and she said “it looked slanted so not all of the squares will be even. Not all the squares will be the
same length” (lines 261-262; 11/4/2016). This explanation illustrates that Adele’s difficulties to
use units-locating and organizing-by-composites the mental processes to correctly navigate partial
area units.
To find the number of units needed to cover the 4.3 by 6.3 rectangle, Adele attempted to
extend her units-locating and organizing-by-composite processes to rectangles with non-whole
number side lengths. However, Adele struggled to connect her numerical procedures with the
spatial structuring in situations with rectangles of non-whole number lengths.
Overall, decimal numbers affected Adele’s understanding of the measurement of rectangle
area. Like Heidi and Catherine, Adele’s understanding was limited due to her inaccurate locating
unit of length and unit of area with decimal numbers. She struggled to locate units and make links
between one- and two-dimensional measurements.
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Morgan’s Understanding of the Measurement of the Area of Rectangular
Introduction
Morgan was a junior during the fall 2016 semester. Her educational goal was to learn about
what is important to be a successful teacher. Toward that end, she took mathematics courses in
order to revisit the material and learn how to teach it as well. She had taken mathematics courses
for elementary teachers, which included number theory and geometry. These courses provided
background on measurement and spatial reasoning. She also mentioned that these courses made
her think about mathematics in different ways that might simulate how a young child would be
thinking about mathematics the first time. Morgan liked taking about mathematics, generally got
A’s, and rated her confidence in mathematics as a 7 or 8 out of 10. She observed, “I was always
really good at math. It was always my best subject.” (Line 33; 10/28/2016). While she was not
taking mathematics courses at the time of the interview, she mentioned:
It’s really important to spend a lot of time on it [mathematics] and help students understand
it because I feel like it’s one of the building blocks for more higher mathematics that you
need to be able to understand the simple things like area and the different equations for
area to be able to build your knowledge later. (lines 293-297; 10/28/2016)
She defined area in terms of the procedures for obtaining it: “Area is base times height; it’s
finding the outside perimeter…well it’s not the perimeter. And for squares and those types of
shapes it’s base times height. And for triangles and it is half the base times the height” (lines 6668; 10/ 28/2016) (see Figure 40).
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Figure 40. Morgan’s diagram for the definition of area.
According to Morgan, shapes must be closed because if they were not it would not be
possible to define a space. When I asked her about the meaning of understanding, she said:
Understanding how it works and to an extent why it works because I think understanding
math is more than just being able to memorize the equation, that you must understand why
that equation applies because then you’re learning it. (lines 96-98; 10/28/2016)
She emphasized the importance of getting help from teachers to better understand the
concept of area. As a result of her own mathematics learning experience, Morgan thought
providing hands-on activities was important for student learning as well as individually explaining
concepts to students who reported not being able to understand. She felt frustrated with teachers
who had attitudes that differed from hers. Another strategy she used to understand a concept was
asking her friends or a knowledgeable person who knew the concept well. She thought she could
understand the concept more easily if she got a chance to talk with someone and ask questions
rather than simply taking exams in class.
Although Morgan had taken a class on technology, she said that she had little experience
with using technology to learn. In the technology class, she was shown several online videos that
explained mathematics concepts. In addition, she worked with SMART boards to understand how
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they worked. When she was asked about her confidence using technological tools for mathematics,
she replied “Well, for the most part I feel like I’m able to catch on and figure out different apps
[applications] pretty simply. It’s not difficult for me to mess with them for a minute and figure it
out” (lines 225-226; 10/28/2016).
She mentioned that it is harder to measure the area of complex shapes than simple shapes
because it requires, such as breaking the problem down again and again to find the area, so “I
would feel more comfortable with like basic shapes than irregulars” (line 463; 10/28/2016). This
preference provides evidence that she thought an understanding of the area formula and applying
it appropriately is equivalent to understanding area measurement; that is, she defined
understanding area in terms of procedures.
Morgan’s Understanding of the Measurement of the Area of a Rectangle
Whole number side lengths
Morgan efficiently used units-locating and organizing-by-composites mental processes in
situations where rectangles had whole number side lengths. Her use of these mental processes
revealed how she connected numerical procedures and spatial structuring. Based on evidence of
linking

numerical

procedures with spatial structuring,

Morgan’s understanding

of the

measurement of the area of a rectangle with whole number side lengths was of the highest level in
Battista’s (2004) framework. To illustrate Morgan’s use of her mental processes, I first provide
examples of her units-locating and organizing-by-composites processes. Finally, I share evidence
of her efforts to link numerical procedures and spatial structuring.
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Units-Locating and Organizing-By-Composites
The first mental process Morgan used was units-locating. Morgan used the units-loca ting
process sufficiently and accurately. Morgan also used the formula for the area of a rectangle. To
do that, she used a unit of area. She first counted the unit squares of one column and row and then
multiplied them together to find the number of unit squares she needed to cover the shape (see
Figure 41). She said, “I would count these [unit squares]. 1, 2, 3, 4, 5, 6, 7 [unit squares in the last
column], and 3 [she pointed to the first row and counted unit squares]. So, I would predict that
there would be 21 squares to cover the rectangle” [lines 36-37; 11/4/2016].

Figure 41. Morgan’s counting of the unit squares.
In situations in which the unit arrays in the rectangle interior were obscured (See Figure
42), Morgan used two steps to answer the question. Like Adele, she began by first counting the
last row and then the last column of the unit squares while pointing to them with her finger. She
then multiplied them to get the number of squares needed to completely cover the rectangle. To
locate all units in the rectangle, she connected the line segments to create a grid. When she was
asked how she knew there were squares on the center of the shape, she responded,
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I think I knew because the blank shape looked like it was something, covering it up almost,
like there was something [it was] hiding… and because it’s a rectangle, I assumed that it
wouldn’t have different sized squares hidden under there [the blank part in the rectangle],
they’d [unit squares in the rectangle] all be the same size because of the fact that I could
see these outside ones [unit squares partially indicated along the sides of the rectangle]. So,
that’s basically it. [lines 78-82; 11/4/2016]

Figure 42. Morgan’s finger-pointing strategy to apply the units-locating process.
The second mental process Morgan used was organizing-by-composites. She had two
strategies, one that was different from the other participants and one that was similar. For the
former, Morgan decomposed the given rectangle to small rectangles to solve the problem (see
Figure 43). She was given a 4 cm by 5 cm rectangle in which only five unit squares in the interior
of the rectangle were available in an almost diagonal arrangement.
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Figure 43. Morgan’s decomposing of the given rectangle.
Although she had ones, she also counted by twos, which indicated she did not need to
identify all the 1 cm by 1 cm units to find the area. This is an example of organizing-by-compos ites
with fewer than the maximum components (Battista, 2004). The next problem helped me to obtain
more information about her use of this mental process.
As in other participants’ cases, the availability of units for unit-locating affected Morgan’s
use of the organizing-by-composites process. She was given a 3 cm by 5 cm rectangle in which
not all units were perceptually available (see Figure 44). Morgan’s strategy was to use her finger
as a ruler to measure the length of the short side of rectangle (as Adele did). Then, she moved her
finger to the top side of the rectangle to decide its width. There were two units which were
perceptually available on the top line segment. One unit was close on the left-side endpoint and
another was close on the right-side endpoint. She then placed her fingers between these two
available units and said that half the width of the top side was the same as the width of the short
side, which was 3 cm. She organized three unit squares in a row to cover the given rectangle
although there were five unit squares in the row. Thus, fewer numbers of units were used than the
number of units in the row.
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Figure 44. Morgan’s organizing-by-composites using unit-locating.
This showed that she used organizing-by-composites with less than the maximum
components. After creating a grid, I asked more questions to unpack her understanding of the link
between unit-locating and organizing-by-composites. She counted the units of the first row and
column and multiplied them together. Then she said, “columns and rows make up arrays, and so
if you had 3 times 5, you would have three columns and five rows” (lines 154-155; 11/4/2016).
She extended this explanation as follows:
It’s—the area of the shape is base times height, so when you multiply 5 times 3, you’re
multiplying this row three times so there’s five 1-by-1 boxes in this row and you’re
multiplying it three times because of the fact that there are three rows. (lines 171-174;
11/4/2016)
When all units were perceptually and physically available, she used organizing-by-compos ites
with maximum composites.
Linking Numerical Procedures with Spatial Structuring
To examine her understanding

of the links between one- and two-dimensio na l

measurement in detail, I focused on her decisions regarding the location of some lengths and her
explanation of the meaning of the area formula. I asked where one centimeter and one square
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centimeter were located on the shape. She understood that one centimeter was a one-dimensio na l
measurement and one square centimeter was a two-dimensional measurement. She first drew a
small line segment on line segment AC to show where one centimeter was (see Figure 45). Then
she drew a small line segment on line segment AB and continued to create a square to show the
location of one square centimeter. She partitioned the AC line into five segments and indicated
that one of them was one centimeter. When I asked how she knew that the unit square on the left
top corner of the figure was one square centimeter, she said,
I don’t for sure, but from looking at a lot of one-centimeter boxes, I have an idea of the
size of it in my head, and I have an idea of a fifth of this line [line segment AC] and a fifth
of this line [line segment AB]. So, I just kind of put it together. [lines 249-252; 11/4/2016]

Figure 45. Morgan’s determination of the location of area measurements.
This was evidence that Morgan differentiated between one- and two-dimensional measurements.
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To unpack her understanding of the relationship between these measurements, I went one
step further and asked her for the meaning of the area formula based on her work with the 5 cm by
5 cm rectangle. As she explained the work shown in Figure 45, she reiterated:
When you’re talking about the five unit centimeters and columns, you’re spacing out this
line into five unit centimeters, okay? But, it’s only dealing with one number being each of
these lengths, so this is one-dimensional because it’s just this line here. And then, this one
is doing the same thing, but going this direction. So, now you’re dealing with centimeters
one line this way. So, then when you are combining the two, you are making, like, you are
giving it a full shape. [lines 488-493; 114/2016]
Overall, Morgan used units-locating and organizing-by-composites mental processes, and
she also understood that one-dimensional measurement is a precursor to two-dimensio na l
measurement. Her understanding of the relationships between spatial structuring and numer ica l
procedures was of highest level for whole number side lengths, according to Battista’s (2004)
conceptual framework.
Non-whole number side lengths
Morgan tried to extend both units-locating and organizing-by-composites mental processes
to rectangles with non-whole number side lengths. Similar to her peers, she had difficulties with
extending both processes. To illustrate Morgan’s attempts, I first provide examples of her units locating and organizing-by-composites process. Finally, I share evidence of her efforts to link
numerical procedures and spatial structuring.
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Units-Locating and Organizing- By-Composites
Morgan attempted to use her units-locating and organizing-by-composites processes to find
the area of rectangles with non-whole number side lengths. However, she struggled to locate the
dimensions of partial units of area and to differentiate these dimensions from area units. To explore
her units-locating and organizing-by-composites processes with non-whole number side lengths, I
gave her a 4.3 cm by 6.3 cm rectangle. I then asked her to locate a tenth of a centimeter on the
shape. She created units of area using the given dimensions (see Figure 46). Figure 46 illustr ates
her partitioning of the rectangle into units of area. She thought of a tenth of a centimeter as a onedimensional measurement and correctly located it. She drew a small line segment on line DC which
started in the bottom right corner (see Figure 46). Because I was uncertain of her reasoning, I asked
her to explain what she had done. She responded with, “Because it’s so small, I didn’t want to
draw it in the corner, so it’s like right there [above the bottom right corner of line segment DC]”
(Line 270-271; 11/4/2016). She described her thinking by saying, “I was just kind of guessing
because, again, I have an idea of what a centimeter is in my head because of working with a bunch
of these [centimeters] and I tried to take a tenth of it” [lines 304-306; 11/4/2016].
This explanation illustrates that Morgan located a tenth of a centimeter on the square as a
side of a square unit embedded in a side of the rectangle. Morgan associated one tenth of a
centimeter with a unit of length. In addition, during her explanation Morgan demonstrated her use
of organizing-by-composites. Before locating one-tenth of a centimeter as a segment, Morgan
motioned to partition one centimeter into ten equal parts, which suggests that she viewed the one
centimeter length in terms of its spatial components. Moreover, she said that the unit was a
composite generated by iterating the unit of length, which she designated a tenth of a centimeter.
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Figure 46. Morgan’s efforts to link spatial structuring and numerical procedures.
Consistent with her approach to locating one-tenth of a unit in a square unit of area, Morgan
treated one-tenth of a centimeter times one-tenth of a centimeter as a unit of length. To locate onetenth of a centimeter times one-tenth of a centimeter, Morgan first wrote tenths of a centimeters as
fractions. Then, she multiplied these two numbers and got one over a hundred, or one hundredth.
She treated the measurement as one-dimensional, with a result that was smaller than a tenth of a
centimeter. She first used a 1 cm by 1 cm rectangle to show a tenth of a centimeter (see Figure 47).
Figure 47 illustrates her partitioning of the bottom right side of the 1 cm by 1 cm square to locate
a tenth of a centimeter times a tenth of a centimeter.
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Figure 47. Morgan’s reasoning for a tenth of a centimeter times a tenth of a centimeter.
Then, she perceptually partitioned the right side of the unit square into ten, drew a small
line segment, and labeled it a tenth of a centimeter. She considered the distance between the small
line segment and the bottom right corner as a tenth of a centimeter. Then, she drew an enlarged
version of a tenth of a centimeter (see Figure 47 image on the right) to locate a tenth of a centimeter
times a tenth of a centimeter. She drew a tenth of a centimeter as a line out of the unit square and
perceptually partitioned it once again. In other words, she thought that the multiplication of two
one-dimensional measurements resulted in another one-dimensional measurement.
Based on these two examples, we see Morgan’s processes of units-locating and organizingby-composites with a part of a unit. Given either a one-dimensional quantity in numerical form or
an expression for a two-dimensional quantity, Morgan located the quantity or product of the
quantities as a part of a unit of length.
To investigate Morgan’s units-locating and organizing-by-composites mental processes, I
examined how she thought about the location of 0.09 square centimeter on the same image as
Figure 46. Her partitioning of a partial unit of length in the bottom right corner of the given
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rectangle is shown in Figure 46. She thought of 0.09 square centimeters as one-dimensional and
said, “just a fraction because a tenth is 0.1 and we’re talking about 0.09, so it’s just like a minusc ule
smaller” [Line 350-352; 11/4/2016]. This explanation illustrates that Morgan thought 0.09 square
centimeters was a one-dimensional measurement and located it as a line segment on line segment
DC. Morgan’s description and actions demonstrated that like other participants, she had difficulties
to use units-locating and organizing-by-composites within a decimal context.
Linking Numerical Procedures with Spatial Structuring
To further investigate Morgan’s use of mental processes and her understanding the
connection between the area formula and spatial structures, I asked her to show the number of
square centimeters included in Figure 46.
Morgan partitioned the sides and created grids (see Figure 46). She stated that the area of
4.3.cm by 6.3 cm is less than the area of 5 cm by 5 cm. Because I was uncertain of her reasoning,
I asked her to explain what she had done. She responded:
5 times 5 is 25, and 6 times 4 is 24, and with the fractions, the decimals, they’re not going
to go over a whole other one. They [partial units] would be less than one. It [the area
measurement of the 4.3 cm by 6.3 cm rectangle] would be close to 25, but this [5 cm by 5
cm rectangle] one would be slightly larger. [lines 389-392; 11/4/2016]
This explanation illustrates that Morgan did not perceptually realize these partial units of
area (4 cm by 0.3 cm, 6 cm by 0.3 cm, and 0.3 cm by 0.3 cm) would constitute more than three
whole squares, despite the fact that she correctly located unit squares and partial units in the figure.
She realized her mistake after multiplying 4.3 cm by 6.3 cm. When she got 27.09 square
centimeter, she described the location of a 0.09 square centimeter as follows:
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It’s part of a square centimeter. So, there’s 24 here [she mentioned the 4 cm by 6 cm sub
rectangle within the given rectangle], and then if you were to take the fractions of the
squares [partial units] that I drew around the edge and combine them, you would get three
full ones and 0.09 left over. [lines 434-436; 11/4/2016]
Morgan encountered

difficulties

with units-locating

and organizing-by-compos ites

processes. Morgan did not link one- and two-dimensional measurements of non-whole-number
side lengths. She had problem to locate measurements in these dimensions.
In conclusion, as with her peers, the number types affected Morgan’s understanding of the
measurement of the area of a rectangle. Morgan meaningfully coordinated spatial structuring and
numerical procedures at the highest level for whole number side lengths. Because she understood
the relationships between one- and two-dimensional measurements of whole number side lengths.
She also understood the links between these two mental processes. Morgan had problems locating
units of lengths and areas for non-whole number side lengths.
Cross-Case Analysis
I conducted a cross-case analysis to identify commonalities and connections among the PT
case studies and describe what understanding area measurement of rectangles meant to the PTs.
Specifically, I compared and contrasted the PTs’ use of units-locating and organizing- bycomposites mental processes. I first discuss my cross-case analysis of PTs’ measurement of areas
with whole number side lengths, followed by my analysis of their measurement of areas with nonwhole number side lengths.
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Whole Number Side Lengths
As described in the case studies, the PTs used units-locating and organizing-by-compos ites
mental processes to measure the area of rectangle with whole number side lengths. Moreover, all
PTs explained the relationships between spatial structuring and numerical procedures. Therefore,
according to Battista’s (2004) framework each achieved the highest level of understanding. My
cross-case analysis generated some critical commonalities, including using units-locating only,
confusing the role of units of length and units of area, using a partitioning process, and using the
organizing-by-composites process after using units-locating process when prompted to do so. I
will describe these similarities in the following paragraph.
The PTs used the units-locating process to determine the number of units they needed to
cover the given rectangle. They did not use organizing-by-composites until I asked them to solve
the question in a different way. Before locating all units in the rectangle, they first located the units
of area in a row and column to identify the dimensions of the rectangle in order to use the area
formula.

All PTs knew that if they found the area of the given rectangle, they would find the

number of unit squares they needed to cover the rectangle. This revealed another critical aspect of
the PTs’ reasoning. All PTs pointed to and counted unit squares in a row and a column to identify
the length and width of the rectangle. They used units of area as units of length, which means they
did not differentiate between one- and two-dimensional units. Given their familiarity with whole
numbers, this confusion did not cause a problem in their performance. Counting units of area for
one row and one column is sufficient for computing area of a rectangle
All PTs partitioning the lengths of the given rectangle to show the location of given oneand two-dimensional values. Two participants perceptually partitioned the given length and then
marked it on the line segment. For example, Heidi perceptually partitioned the 5-cm length line
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segment into five equal 1 cm segments and marked the location of one 1 cm on the top side of the
rectangle. The other two participants used same strategy, but they physically marked the locations
of the 1 cm units.
The PTs all correctly located the units, which is the units-locating process. Despite
sufficiently using units-locating process, they did not utilize organizing-by-composites until I
prompted them for another method. PTs used the organizing-by-composite process to show how
they cover the given rectangles. All PTs also used units-locating to construct the array of a row or
column before using the organizing-by-composite process. After that, they used tools such as a
pen, pencil, or hand to show the iteration of a row or a column.
The PTs structured rows and columns by enumerating the unit squares. They used unitslocate and organizing-by-composites. As a result of these actions, all four PTs explained the
meaning of the area formula in terms of spatial structuring and numerical procedures. My analysis
of the PTs’ reasoning in this section indicated that they demonstrated the highest level of
understanding, which is an understanding of the relationships between spatial structuring and
numerical procedures (Battista, 2004).
Non-Whole Number Side Lengths
When given areas with non-whole number side lengths, PTs’ use of units-locating and
organizing-by-composites was problematic. I used whole number side lengths first as a foundatio n
for the cross-case analysis of PTs’ reasoning with non-whole number side lengths. This analysis
revealed several critical issues with representing decimal numbers, partitioning decimal lengths,
locating two dimensional values, and understanding the relationships between spatial structuring
and numerical procedures.
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I discuss the PTs’ units-locating in two parts. The first is locating and representing a onedimensional value. Three PTs correctly located and represented a one-dimensional value. The
fourth PT had problems locating the value. This PT thought of 0.1 cm as one-dimensional but
represented it as a unit of area. Heidi constructed a small rectangle and designated it as 0.1 cm. To
locate 0.1 cm, all PTs used a partitioning strategy. The PTs partitioned a side of the rectangle into
1 cm units. Then, the PTs partitioned 1 cm into equal 0.1 cm segments to locate the target number.
The PT who used the unit of area partitioned a 1 cm by 1 cm unit square into ten equal parts.
To examine the PTs’ mental processes, I asked them to show the location of 0.1 cm by 0.1
cm. All PTs thought of this value as one-dimensional, multiplied 0.1 by 0.1, and got 0.01. They
knew that 0.01 cm is smaller than 0.1 cm. Three PTs perceptually located 0.01 cm as smaller than
0.1 cm by choosing a point on the line segment at a distance from 0.1. Only Morgan partitioned
0.1 cm into ten equal parts to locate 0.01 cm.
Locating two-dimensional values was also problematic for the PTs. They were asked to
locate a 0.09 square centimeter. Three PTs thought of that value as one dimensional, while
Catherine drew a square on the left corner of the rectangle but had problems identifying the
dimensions. Catherine identified the sides as 0.09 cm. Heidi who represented one-dimensio na l
values (0.1 cm and 0.1 cm by 0.1 cm) as units of area thought of the 0.09 square centimeter as one
dimensional but represented it in terms of a unit of area. These examples illustrate that PTs
confused unit of length and unit of area.
My analysis of the PTs’ use of units-locating and organizing-by-composites processes
indicated that the PTs did not label their units. When they were asked the location of 0.1 cm by
0.1 cm, they only multiplied the numbers and did not multiply the units. Adele wrote the units
correctly once (e.g., 27.09 cm2 ). Catherine wrote the units twice: one instance was incorrect (e.g.,
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0.09 cm) and the other was correct (e.g., 27.09 cm2 ). Morgan wrote the units once incorrectly (e.g.,
1x1cm). Heidi did not write any units. While the interviews did not ask for units to be recorded,
not doing so might cause difficulties in correctly using units-locating and organizing- bycomposites processes.
Difficulty with units-locating for one- and two-dimensional figures affected the PTs’ use
of the organizing-by-composites process. After partitioning the lengths, the PTs iterated equal
parts to prove they completely covered the length. For example, Heidi partitioned the rectangle
and then iterated the small rectangles to construct a unit rectangle. This shows that the PTs had the
potential to use organizing-by-composites, but because organizing-by-composites depends on
units-locating (a process that they had not yet developed) the PTs did not use it.
These analyses determined that the PTs’ encountered problems with locating and
representing decimals in different dimensions. Their problems with units-locating and organizingby-composites caused structuring problems with the rectangle. For example, these difficulties
restrained PTs’ awareness of the relationships between spatial structuring and numer ica l
procedures.
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CHAPTER 5. DISCUSSION

The study described in this dissertation has focused on the mental processes necessary for
understanding the rectangle area measurement. In this chapter, I discuss the findings with regards
to Battista’s (2004) levels of sophistication framework and the relevant literature presented in the
second chapter. The PTs’ responses to the interview questions revealed that their understanding of
the area measurements of rectangles with whole number side lengths provided the foundation for
their understanding of rectangles with non-whole number side lengths. Accordingly, I will begin
by discussing the results of tasks involving rectangles with whole number side lengths. Then, I
will continue to discuss how these results can extend Battista’s levels of sophistication framework
in non-whole number side lengths section. Thereafter I also discuss the implications and
limitations of these findings and suggest directions for future studies.
PTs’ Understanding Area Measurement of Rectangles
Whole number side lengths
The research question was: How do PTs understand the measurement of the areas of
rectangles with whole number and non-whole number side lengths? The results from the clinica l
interviews (Clements, 2000; Goldin, 2000) showed that all PTs demonstrated a conceptual
understanding of area measurement for rectangle with whole number side lengths. The four PTs
linked spatial structuring with numerical procedures (Battista, 2004) as they measured the area of
rectangles with whole number side lengths. The PTs’ uses of units-locating and organizing- bycomposites processes were sufficient for computing area since they correctly coordinated the
locations of unit squares and used composites to construct arrays to measure area.
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Because I used Battista’s framework in this study, I compare my results with Battista’s
(2004) results to deeply probe PTs’ understanding. Despite PTs’ satisfactory use of these mental
processes, this study is distinct from Battista’s (2004) study, which focused on the development
of young learners’ understanding of area measurement. The first interview objective for the PTs
was the use of an area formula to find the number of units needed to cover the rectangles; Battista’s
students tried to answer the questions using a physical covering process. The PTs used a unitslocating process (i.e. covered a row and column) to determine the length of the rectangle sides in
order to use the appropriate area formula. Battista’s students used units-locating or organizing- bycomposites to cover the entire rectangles. According to Battista, linking spatial structuring with
numerical procedures represent the highest level of understanding. Thus, these results determined
that PTs’ level of abstraction was higher than the young students in Battista’s study.
In light of these differences, I compare the PTs’ and students’ (Battista, 2004) use of mental
processes. The PTs used units-locating to find the rectangle dimensions and calculated the number
of units needed to cover the given figure. When the PTs were asked to cover the rectangles, they
used the units-locating strategy before being prompted to use different strategies. They
sequentially used units-locating and organizing-by-composites mental processes to answer the
more complex interview questions (e.g. Catherine’s performance for 4 cm by 5cm in Figure 27).
Battista’s students, however, showed evidence of using both these mental processes as a part of
different levels of understanding. In other words, using units-locating and organizing- bycomposites was sequential for both the PTs and younger students. For example, all PTs first used
the units-locating process to construct a row or a column prior to using the organizing- bycomposites process. This result correlates with Battista’s study, in which most of the students
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(Battista, 2004) located at least a row and column of units before using the organizing- bycomposites process.
The use of units-locating to find the rectangle side lengths revealed an interesting point,
which was how the PTs thought about units in different dimensions. Linear measurement is a
prerequisite for area measurement, and students need to learn how to link these two measureme nt
types (Battista, 1982; Curry & Outhred, 2005; Kamii & Kysh, 2006; Outhred & Mitchelmore,
2000; Stephan & Clements; 2003). All PTs counted the area units to decide the lengths of the
rectangle sides. They initially struggled to explain the relationships between a unit of area and a
unit of length. The PTs did not always distinguish between units of length and units of area, and
sometimes used them interchangeably. After participating in the interviews focused on the
meaning of the area formula, the PTs were able to link units of area and units of length, which
concurs with the findings of Battista (2004). The development of understanding is not the focus of
this study, but it seems the PTs’ understanding of area measurement developed during the
interviews. This finding warrants future research.
Researchers contend that partitioning and recombining are important concepts to build the
links between the unit of length and the unit of area (Barrett & Clements, 2003; Hilbert, 1981;
Hirstein, Lamb, & Osborne, 1978; Huang & Witz; 2011). In this study, the rectangle was
partitioned to display the given one- and two-dimensional numerical values. However, the PTs
used units of area rather than the correct units of length to measure area of a rectangle. One reason
for this error might be that the PTs were focused on finding the correct answer. This error did not
cause any difficulties in computing the area of the rectangles because the nature of the numbers
used in the tasks and PTs’ previous experiences with whole numbers might have helped them to
avoid difficulties resulting from this misunderstanding.
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These differences revealed a gap in Battista’s (2004) framework: the need for a new level
of understanding. The PTs used units-locating only to answer questions where all units
perceptually available. Battista’s framework consists of using both units-locating and organizingby-composites. Each level includes at least one organizing-by-composites process. The framework
does not include a level that only uses units-locating to cover the given rectangles. This suggests
the need for a new level of understanding located between level 1 (absence of units-locating and
organizing-by-composites) and level 2 (beginning use of these mental processes) (Battista, 2004).
I propose that this new level be called beginning use of units-locating only. Battista designated the
third level as sufficient use of units-locating. Although he did not use organizing-by-compos ites
in the designation of this level, his explanation and the example he provided for his level 3 included
organizing-by-composites processes. Therefore, my beginning use of units-locating only level is
needed to more accurately identify PTs’ understanding of area measurement. If PTs or students
tried to locate units only one by one in rows or columns and did not use or mention any type of
organizing-by-composites process, then their levels were considered beginning use of unitslocating only.
All PTs linked spatial structuring with numerical procedures, which indicated the highest
level of understanding on the Battista (2004) framework. All PTs correctly located onedimensional and two-dimensional measurements by partitioning the sides of the given rectangles.
Then they sufficiently explained the meaning of the area formula. They explained what the
numbers from the area formula of rectangles demonstrated by drawing the rows and columns of
the figure and counting units of area. This result contradicts findings from the current literature
(Baturo and Nason, 1996; Chamberlin and Candelaria, 2014; Livy, Muir, and Maher, 2012;
Murphy, 2012). These studies illustrated that mathematics learners struggle to explain the meaning
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of the area formula with an array. The reasons for this discrepancy might be the tasks used in this
study or the fact that participants are PTs. I used Battista’s framework and tasks to explore PTs’
understanding of the area measurement of rectangles in my study. Both partial and complete arrays
provided an opportunity for the PTs to demonstrate links between numerical and spatial
structuring.
In conclusion, some of the PTs’ limitations, such as using units of length and units of area
interchangeably and using the correct units only a few times, did not affect their units-locating and
organizing-by-composites mental processes because of their familiarity with computing area using
whole numbers. Moreover, Battista’s (2004) level of sophistication framework focused on PTs’
locating process and ability to explain the meaning of the area formula. The PTs located units and
explained the meaning of the area formula after enumerating the arrays. Thus, they demonstrated
the highest level of understanding despite their difficulties. In retrospect, the PTs may have been
asked more specific questions about the relationships between the units of area and units of length
to confirm that they understood the relationships. If they had not correctly and sufficiently answer
the question, then their levels of understanding may have been reduced regardless of the basic
evidence of their linking spatial structuring with numerical procedures. In the following section,
I will discuss how changing the number types affected PTs’ use of units-locating and organizingby-composites as well as their connections between spatial structuring and numerical procedures.
Non-whole number side lengths
All PTs demonstrated a low level (Level 1 absence of units-locating and organizing-bycomposites) of understanding in terms of Battista’s (2004) framework because they did not
sufficiently use units-locating and organizing-by-composites processes. They even had problems
using these mental processes with one-dimensional measurement. These results provide the
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opportunity to question not only the students’ understanding of area measurement, but also their
understanding of decimals and sub-concepts of area measurement such as units of length and units
of area (Barrett & Clements, 2003; Hilbert, 1981; Hirstein, Lamb, & Osborne, 1978; Huang &
Witz; 2011).
All PTs had difficulties extending the units-locating process to rectangles with non-whole
number side lengths. Battista (2004) defined and explained units-locating in terms of twodimensional measurements, and this study’s results show that the PTs struggled with both oneand two-dimensional measurements, similar to the findings of Passelaigue and Munier (2015).
Whereas all four PTs thought of 0.1 cm as one-dimensional, three PTs located 0.1 cm on a side of
the given rectangle. Heidi located it as a unit of area. The root of this confusion could be the PTs’
understanding of decimal representations (D’Ambrosio & Kastberg, 2012; Stacey, Helme, Steinle,
Baturi, Irwin, & Bana, 2001; Thipkong & Davis, 1991). For example, D’Ambrosio and Kastberg
(2012) asked PTs to order a set of decimals using a unit square partitioned into equal parts with
attention to the different unit scales. D’Ambrosio and Kastberg provided decimal grids which were
subdivided into tenths and thousandths. In addition, Thipkong and Davis (1991) examined PTs’
misconceptions about decimals by asking them to mark and shade grids. Also, Thipkong and Davis
provided number lines with marked points and asked students to label the decimal numbers the
marked points indicated. These studies focused one-dimensional values (decimal numbers) but
provided one- and two-dimensional tools. The number line is a one-dimensional tool whereas
rectangular grids are two-dimensional. PTs represented the given numbers on the number lines
and grids but did not consider their dimensions. For example, Thipkong and Davis partitioned a
rectangle into 10 small rectangles and asked PTs to shade these small parts to represent 0.4. The
given number, 0.4, is a one-dimensional value and the small rectangles are two dimensio na l
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figures. It is possible that these kinds of activities might cause students to misunderstand the
differences between units of length and units of area, which might impact their one- and twodimensional measurements with decimals.
PTs also struggled to locate two-dimensional quantities (e.g., 0.1 cm times 0.1 cm, and
0.09 cm2 ). Two question types were related to this concept. First, PTs were given numerical values
for two rectangle side lengths (0.1 cm times 0.1 cm) and asked for the location of 0.1 cm times 0.1
cm in a rectangle. All four PTs multiplied the two numbers and found the product. No units were
given by the PTs. They then located the product on a side of the rectangle. In other words, they
located the two-dimensional measurement as one-dimensional. Second, the PTs were given a twodimensional numerical value (0.09 cm2 ) and asked for its location in the rectangle. Catherine
correctly located the value in the rectangle. The remaining participants located the value on a side
of the rectangle. None of the PTs used units after multiplying 0.1 cm by 0.1 cm. During locating
0.09 cm2 , only Catherine wrote the correct unit for the sides of the small rectangle. These two
examples demonstrate that PTs do not differentiate units of area and units of length. These results
are consistent with existing studies on the importance of linking units of length with units of area
in order to understand area measurement (Barrett & Clements, 2003; Battista, 1998; Hilbert, 1981;
Hirstein, Lamb, & Osborne, 1978; Huang & Witz; 2011). The relationship is necessary to correctly
locate units, organize units into components, and link spatial structuring with numer ica l
procedures.
These findings raise additional questions about the meaning of the units used during the
interview. To make sense of these results, I focused on the work of Dorko and Speer (2015). Their
report identified three categories for undergraduate students’ use of units: correct unit, incorrect
unit, and no unit. In my study, the correct units were used by participants a few times. For most
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tasks, the PTs did not refer to or identify units in their written or oral responses. This is in contrast
with Dorko and Speer’s work because their participants frequently used the correct units. Possible
reasons for this difference might be the number of participants and the nature of tasks used for data
collection. However, the results do align with Dorko and Speer’s claim that the lack of correct
units constrains PTs’ explanation of area in terms of the arrays. PTs’ familiarity with whole
numbers might cover this problem for rectangles with whole numbers side lengths. However,
Dorko and Speer’s claim is observed in PTs’ use of area units to find the length of rectangles with
non-whole number side lengths. This deficiency strongly affected PTs’ units-locating and
organizing-by-composites mental processes in tasks involving non-whole number side lengths. For
example, Heidi represented one-dimensional measurement as a unit of area because she used units
of length and units of area interchangeably for rectangles with whole-number side lengths.
PTs’ units-locating processes differed according to the type of numbers. For example, all
PTs perceptually and then physically partitioned the top side of the given rectangle into four 1 cm
units and one 0.3 cm unit. Partitioning is an important process because it contributes to making
connections between units-locating and multiplicative approaches (Barrett & Clements, 2003;
Hilbert, 1981; Hirstein, Lamb, & Osborne, 1978; Huang & Witz; 2011). According to Myers and
Pelak (2012), partitioning was one of the strategies teachers used to solve area measureme nt
problems. All PTs chose a 1 cm length and partitioned it into ten equal parts to locate 0.1 cm. Their
process of representing 0.01 cm was different from their representation of 0.1 cm. All PTs knew
that 0.01 cm was smaller than 0.1 cm. However, they did not partition the 0.1 cm length to locate
0.01 cm as they did for 0.1 cm. Instead, they marked a point smaller than 0.1 cm as a location of
0.01 cm without partitioning. Inaccurate partitioning might cause incorrect units-locating.
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These findings raise questions about the definition of units-locating. Battista (2004) and
Outhred and Mitchelmore (2000) utilized units-locating in terms of two dimensional figures.
However, in the present study PTs struggled to extend this process because of their difficulties
with one-dimensional measurement involving decimals. For rectangle with non-whole number
side lengths, they could no longer count area units and use them as unit of length. Accordingly,
the definition of units-locating for adults might be revised as the ability to correctly locate and
relate units of lengths and units of area. Units-locating requires the understanding that a unit of
length and unit of area are different but related. It involves more than physically locating units on
the figures. Units-locating includes physically locating as well as the ability to explain the meaning
of that action.
PTs difficulties with units-locating influenced their organizing-by-composites mental
processes for rectangles with non-whole number side lengths. The PTs did not use organizing- bycomposites prior to their units-locating processes. In addition, the definition of organizing- bycomposites also needs to be extended. Battista (2004) defined organizing-by-composites in a twodimensional system, and he emphasized iteration of units of area in an array. However, I observed
iteration of linear measurements in PTs’ efforts with decimal numbers. This observation also
suggests focusing on adults’ organizing-by-composites process in a one-dimensional system to
identify reasons of their difficulties. For example, PTs partitioned 4 cm to four 1 cm units when
prompted that they could get 4 cm by repeating 1cm units four times. However, they did not iterate
0.01 cm units to get 0.1 cm. Without units-locating and organizing-by-composites mental
processes, PTs could not connect spatial structuring of numerical procedures and their results.
The findings of this study reveal new levels of understanding. For example, The PTs’
performance of units-locating with obstructed arrays in a rectangle with whole number side lengths
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requires a new level. This level is beginning use of unit-locating only between Battista’s (2004)
level 1 “absence of units-locating and organizing-by-composites processes” (p. 193) and level 2
“beginning use of the unit-locating and the organizing-by-composites processes” (p. 195). The
PTs use of units-locating with non-whole number side lengths also revealed a new level before
Battista’s level 1. I propose that this level be called insufficient one-dimensional units-locating,
which affected PTs’ beginning use of two-dimensional units-locating processes. For example, all
PTs’ locating 0.01 cm was not accurate. In addition, Heidi located 0.1 cm as a unit of area. These
findings are significant because they extend Battista’s levels of sophistication framework to apply
to the case of the area measurement of rectangles with non-whole number side lengths for adults.
Implications
This dissertation contributes to the limited literature on PTs’ understanding of the area
measurement of rectangles. Analysis of PTs’ uses of units-locating and organizing-by-compos ites
mental processes might help researchers to more clearly identify patterns in PTs’ understanding of
the area measurement of rectangles with non-whole number side lengths.
A few studies have focused on PTs’ understanding of area measurement; however, they
generally involved whole number side lengths only (Dorko & Speer, 2015; Menon, 1998; Myers
& Pelak, 2012; Simon & Blume, 1994; Tossavainen, Suomalainen, & Makakainen, 2017). None
of these studies have employed Battista’s (2004) units-locating and organizing-by-compos ites
processes to examine PTs’ understanding of the area measurement of rectangles. This applicatio n
of Battista’s idea to the investigation of PTs’ understanding of area measurement with non-whole
numbers addresses a significant gap in the literature. Namely findings from this study describe the
mental processes PTs use in area measurement.
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Limitations of the Study
This study has two main limitations. First, there were additional interview questions that
could have been asked. I did not probe deeply enough into some aspects of PTs’ understanding of
the area measurement of rectangles. Originally, this study was designed to examine PTs
understanding of the area measurement of different figures. Because the question and data were
more complex than expected, I focused on the measurement of the area of rectangles only. Thus,
the main structure of this dissertation was formed after the ongoing and secondary data analysis.
Consequently, I could not ask more probing questions in order to verify PTs’ understanding of the
decimal context. Moreover, there was a lack of tasks focusing on the area measurement of decimal
number side lengths. Using more such tasks might have resulted in a deeper analysis of this topic.
The second limitation was the number of PTs in the study. Of the six initial volunteers, one
withdrew and another did not sufficiently explain her thinking to be selected. Thus, I collected
data from four PTs, and the findings were limited to these four PTs and the tasks I used. For a
more comprehensive understanding, research with a broader range of PTs and tasks is necessary.
Direction for Future Studies
This study suggests several directions for future studies. First, researchers can examine the
same research question by changing the variables used in this study. Instead of investiga ting
rectangles with whole number side lengths and those with non-whole number side lengths within
the same interview, researchers could design separate interview. I suggest three interviews first an
interview focused on rectangles with whole number side lengths, a second interview focused on
non-whole number side lengths, and a third interview using rectangles with side lengths from both
number types. In addition, interviews should include additional tasks involving units of length and
units of area. The tasks should be parallel: if the whole-number side lengths portion features a
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partial array (e.g. see question 2 and 4 in Appendix C), then the non-whole number side length
portion should also feature a partial array. Moreover, the number of tasks that include the
dimensions’ numerical values should be increased during both interview portions.
Focusing on the dimensions and examining participants’ understanding of one- and twodimensional contexts offers the opportunity to study the units of numerical values. The findings of
this study and its contrast with Dorko and Speer’s (2005) work revealed that PTs struggled to
identify and write units of lengths and units of area. Future studies could examine PTs’
understanding of units of lengths and units of area. More specifically, participants’ reasons for
neglecting to write units or choosing the incorrect units needs to be examined in future studies.
Conclusion
The existing literature (Battista, 1982; Battista et al., 1998; Battista, 1999; Battista, 2004;
Baturo & Nason, 1996; Clements et., 1997; Hirstein, Lamb, & Osborne, 1978; Huang & Witz,
2011; Menon, 1998; Outhred &Mitchelmore, 2000; Pitta-Pantazi & Christou, 2009; Zacharos,
2006) and standards (NCTM, 1989, 2000; CCSSM, 2010) emphasize the significance of area
measurement in mathematics. While a few studies have focused on PTs’ understanding of area
measurement, the findings of these studies were not focus on understanding in terms of mental
processes. This is the only study that has used Battista’s (2004) levels of sophistication framework
to examine PTs’ understanding of the area measurement of rectangles. This study found that PTs
demonstrated a high level of understanding of the area measurement of rectangles with whole
number side lengths. That means PTs could link numerical values in the area formula of a rectangle
with spatial structuring of these numbers. They could explain how the formula is created. However,
PTs struggled to understand the area measurement of rectangles with non-whole number side
lengths. They did not represent numerical values in terms of their spatial structuring for rectangles
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with non-whole number side lengths. In addition, I found that the definition of units-locating needs
to be extended to the decimals context. I also found two new levels and the significance of the role
that dimensions play in their understanding of area measurement. Thus, I suggest that the role of
PTs’ understanding of dimensions in future studies should be explored.
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APPENDIX A. RECRUITMENT LETTER

Each participant will meet with me for five interviews (one initial interview and four explanatory
interviews), and the study will be completed in five weeks. The initial interview will be conducted during
the last week of September and will take no more than 40 minutes. The first, second, third, and fourth
explanatory interviews will be conducted during the first, second, third, and fourth week of October. Each
explanatory interview will take no more than 45 minutes. You may withdraw your participation in the
study at any time during the study. All responses made by you, written or oral, will remain completely
confidential. I have had experiences in teaching mathematics and using Geoboard. At the end of each
interview session, you may ask me specific questions about your mathematics courses or using Geoboard.
Your participation will provide you an opportunity to develop your own understanding of mathema tics
and realize the potential of using Geoboard. In addition, if you agree to participate and complete all the
interviews you will receive $60 for your participation. You will be paid the $15 for each of the explanatory
interviews, except for the initial interview. You will be given $15 after the first explanatory interview, and
you will receive the rest of the compensation ($45) at the end of the fourth explanatory interview. If you
drop out during the second interview, you will not be paid for the second, the third, and the fourth
interview. If you choose to drop out after the first interview, you would only receive $15. If you choose
to drop out during the first interview, you will not be paid for the first interview. The payments will be
made personally through checks.
Unfortunately, due to time constraints, only four to seven participants can be used in the study.
These four to seven participants will be selected after initial interviews. If you would like to be included
as one of the participants, please sign your name in the appropriate space below. Participants will be
contacted within the next few days to set up an initial interview time.
Thank you for your cooperation
Cetin Kursat Bilir

I would like to set up an initial interview
Name_______________________________
Available times _____________________
E-mail ___________________________
Contact Information of the researcher: cbilir@purdue.edu
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APPENDIX B. INITIAL INTERVIEW PROTOCOL

Introduction: I will orient participant to the types of questions and topics that are included
in the interview, just a couple of sentences.
1. What are your educational goals? (Ex: Why are you taking mathematics courses?)
2. Tell me a little about your mathematics background
a. What mathematics courses have you taken in college?
b. Please describe yourself as a mathematics student (Ex: Tell me about the grades you
typically receive in mathematics. Would you say that they accurately reflect your
abilities in mathematics?)
c. How would you rate your confidence in mathematics? Why? (What experiences have
affected your confidence in understanding mathematics?)
3. Using your own words and any pictures or diagrams you need to express your ideas,
define the term the concept of area (include any rules or properties that you can recall).
4. What does it mean to “understand a mathematics concept”? (look for connections to
experiences of understanding)
5. Please tell me about a mathematics concept and when you felt that you understood it.
a) How did you feel about it?
b) What helped you to understand?
6. Please tell me about a time you felt that you did not understand a mathematics concept.
a) How did you feel about that?
b) What did you do to try and understand?
7. What experiences have you had using technology to understand of mathematics
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concepts? Have you had any experiences using technology to understand the concept of
area? If so, tell me about those.
a) Tell me about your experiences in using the application.
b) How would you rate your confidence in using the application ?
8. How would you rate your confidence in using Geoboard on a scale of 1 (lowest) to 10
(highest)? Explain your ranking.
(I will provide tools for the following questions. These tools are square inch paper grid,
square inch paper tile (Fuys, Geddes, & Tischler, 1988), and Geoboard application)
9. Create a square (rectangle, triangle, trapezoid, and parallelogram) using any of the given
tools and change the length of any side of each shape.
10. Draw non-rectangular shapes with curve and non-curve using any of the given tools.
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APPENDIX C. EXPLANATORY INTERVIEW 1: RECTANGLE TASK

In problems 1-6, the following materials will be available: 1-centimeter square, 1 cm by 2
cm unit, overlay grid, and physical and online Geoboard.
1. Please predict how many squares it takes to completely cover the following rectangle (see
Figure 1.1). Explain your reasoning.

Figure 1.1. (Battista, 2004, p. 193)

2. Please predict, without drawing, how many squares it takes (see Figure 1.2) to completely
cover the following rectangle.

Figure 1.2. (Battista, 2004, p. 193)
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3. Please predict how many squares it takes (see Figure 1.3) to completely cover the
following rectangle.

Figure 1.3. (Battista, 2004, p. 195)

4. Please predict how many squares it takes (see Figure 1.4) to completely cover the
following rectangle.

Figure 1.4. (Battista, 2004, p. 196)

5. Please predict how many unit squares are needed to cover the following rectangle (see
Figure 1.5).
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Figure 1.5. (Battista, 2004, p. 199)

6.
a. Can you show me where 1cm is on the left shape? (See Figure 1.6). Can you show me
where 1 square centimeter is on the shape? How do you know that this is 1?
b. What is a tenth of a centimeter on the right shape? (See Figure 1.6) What is a tenth of
a centimeter times a tenth of a centimeter is on the shape? Show me where the 0.09
square centimeters is. Show me how many square centimeters are included in this
shape?
c. Suppose that you want to make a jewelry box for a friend/sister. You want to cover
the top of the jewelry box with expensive gold paper. You can use these two sizes of
boxes (see Figure 1. 6). Which top is larger? Which needs more gold paper to cover
it? How can you check this? (In Battista’s level 7, students can make connection
between numerical procedures and spatial structuring. I designed the real life problem
to check if their understanding is in Level 7). (If they mention area, then I can ask
what they mean by ‘area’? and what they mean by ‘the area is 25’?

Figure 1.6. (Adapted from Fuys, Geddes, & Tischler, 1988, p. 46)
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APPENDIX D. EXPLANATORY INTERVIEW 2: TRIANGLES

In problems 1-6, the following materials will be available: 1-centimeter square, overlay
grid, and physical and online Geoboard. Dots are used to perceptually show unit squares
1. Please predict how many squares the following right triangles (See Figure 2.1a and
Figure 2.1b) takes to completely cover it. Explain your reasoning. (all squares are
perceptually available)
a.

Figure 2.1a
b.

Figure 2.1b
2. How does your answer change if the figures in question 1 are not right triangles?
3. Please predict how many squares the following right triangles (See Figure 2.2a and
Figure 2.2b) takes to completely cover it. Explain your reasoning. (all squares are not
perceptually available)
a.
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Figure 2.2a
b.

Figure 2.2b
4. How does your answer change if the figures in question 3 are not right triangles?
5. Taylor, wants to cover a right triangle (See Figure 2.3) with carpet. The carpet salesman
needs measurements to order the carpet. What measurements should Taylor give the
salesman? Explain your reasoning. (ratio distance between the given figure on the page
and on and Earth is 1cm = 1m) ( If the participant says ‘area’, then I will ask what he
means with ‘area’).
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Figure 2.3
6. How does your answer change if the figure in question 5 is not a right triangle? Explain
your reasoning.
7. Draw a right triangle. The lengths of its legs are 4.3cm and 6.3cm. What is a tenth of a
centimeter on the right triangle? What is a tenth of a centimeter times a tenth of a
centimeter is on the shape? Show me where the 0.09 square centimeters is. Show me how
many square centimeters are included in this shape?
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APPENDIX E. EXPLANATORY INTERVIEW 3: PARALLELOGRAMS

In this interview, the following materials will be available: 1-centimeter square, overlay
grid, and physical and online Geoboard. I designed all tasks in the interview.
1. Please predict how many squares the following parallelogram (see Figure 3.1) takes to
completely cover it. Explain your reasoning (all unit squares are perceptually available)

Figure 3.1.
2. Please predict how many squares the following parallelograms (see Figure 3.2a, 3.2b, and
3.2c) take to completely cover it. Explain your reasoning (all unit squares are not
perceptually available)
a.

Figure 3.2a.

b.
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Figure 3.2b.

c.

Figure 3.2c.
3. In the following you will see a parallelogram (See Figure 3.3). Its length is 6 cm and
width is 8cm. How many squares the figure takes to completely cover it. What if the size
of squares is doubling? Explain your reasoning.

Figure 3.3.
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4. Please draw a rectangle and at least two different triangles (one has to be right triangle),
which are covered by the same size squares as the figure in question 1a. Explain your
reasoning.
5. You are asked to choose which of these three shapes is largest. How can you be sure?
Explain your reasoning.

6. Draw a parallelogram. The lengths of its sides are 4.3cm and 6.3cm. What is a tenth of
a centimeter on the parallelogram? What is a tenth of a centimeter times a tenth of a centimeter is
on the shape? Show me where the 0.09 square centimeters is. Show me how many square
centimeters are included in this shape?
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APPENDIX F. EXPLANATORY INTERVIEW 4: NON-RECTANGULAR
SHAPES

In problems 1-5, the following materials will be available: 1-centimeter square, overlay
grid, and physical and online Geoboard.
1. In the following, you will see two figures (see Figure 4.1.) Are they covering same
space? If not, draw a line on the second figure to create a figure, which has a same space
as first figure. Explain your reasoning.

Figure 4.1. (Hirstein, lamb, and Osborne, 1978, p. 12)
2. Please predict how many squares the following figure (see Figure 4.2.) takes to
completely cover it. Explain your reasoning.

Figure 4.2.
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3.
a. What is the area of the shape (see Figure 4.3.)? Explain your work.

Figure 4.3.
b. If you change the your area unit, how does it affect the area of this shape? Explain
your work.
4. Please predict how many squares the following figure (see Figure 4.4.) takes to
completely cover it. Explain your reasoning.

Figure 4.4.
5. a. What is the area of the shape on the left side? (see Figure 4.5.)
b. What is the area of the shape on the right side? (see Figure 4.5.)
c. Please compare the areas of these shapes.
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Figure 4.5. (Battista, 1982, p. 363)

